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First-principles ground-state calculations on different kind of materials are currently carried
out within density functional theory. On the other hand a correct description of the electronic
excitations, which are at the origin of many experimental spectra, requires more refined
theories. In this paper we summarize the main equations of the theoretical many-body
approach used to describe electronic and optical properties of real materials. Some examples
of excited state calculations in bulk and low dimensional semiconducting systems are given.

1 Introduction

Density functional theory (DFT) [1] is a single-particle approach that has achieved a
great success to calculate ground state electronic properties of many-electron
systems. However, when physical properties involving electronic excited states are
required, this mean-field theory often fails in describing correctly experiments.

The use of many-body Green's functions theory [2], with DFT calculations as
zero order approximation, is nowadays the state of the art to obtain quasi-particle
excitation energies and dielectric responses in an increasing number of systems,
from bulk materials, to surfaces and nanostructures. The theoretical framework is
general and it will be described in the next section, while some examples of
applications will be given in the last section. |

2  Theoretical method

Here we will focus on the main equations of the density functional and many-body
perturbation theories, referring the reader to reviews [3,4] for a complete
description.

DFT is an approach to the study of the ground state properties of an N-electron
system where the electron charge density »(r), rather than the electron wave
function, plays a central role. It has been introduced by Hohemberg and Kohn (HK)




in 1964 [1] when they showed how the ground state energy of a system of N
Interacting electrons in an external potential V,,, () can be written as a functional of
the ground state electronic density. In a later paper Kohn and Sham [1] reformulated
the v.a'riz?tional problem of minimizing the HK functional with respect to the charge
density in terms of one-particle effective equations (Kohn-Sham equations), which

are, nowadays, the most used strategy to perform DFT calculations. The g

self-consistent Kohn-Sham equations (KS) are the following [1]:
I Py - -
- ST EO]6)-c.06), (n
with:
VA7) =V (7F)+ Viela® 1, 7).
where n(F)=Z f (aj]géf (F )2 is the electron density, Vy is the Hartree potential, V.. is

the exchange-correlation potential defined as the functional derivative of the

exchange-correlation part of the energy functional: [ _ SE.[r] | The most simple
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and widely used approximation for E,[n] is the so called local density

approximation (LDA): Exc[n]= | sn.[n]n(i’)di" and ch[”] is the exchange-

correlation energy per particle of an homogeneous electron gas of density n(r) [5].
Several schemes beyond LDA have been introduced in the last decades, including a
dfependepce on the density gradient as in generalized gradient approximation (GGA)
giving, in some cases, a better description of the non locality of the exchange-
correlation hole but without taking to systematic improvements in all kind of tested
materials [6,7].

. In any case, being the DFT a ground state theory, the KS eigenvalues cannot be
interpretated as addition and removal electron energies, which instead can be
formz.illy obtained from an equation similar to the Kohn-Sham one, where a non
hermitian, non local and energy-dependent operator, the self-energy appears, instead
of the exchange-correlation potential [2]:
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This is the so-called "quasiparticle equation”, which describes the extra hole
created when an electron is extracted from the system (for example in a
photoemission experiment or in an inverse photoemission experiment where the
extra an electron is added to the system) and the polarization cloud that the other
electrons create in order to screen it. A set of five integral equations, introduced by
Hedin in 1965 [2], which relate the Green function G, the self-energy X, the
irreducible polarization propagator P, the vertex I and the screened coulomb
mtera.ction W, allow in principle to obtain an expression for the self-energy. These
equations are the following [2]:

G(12) = G, (12) + [d(34)G,(13) Z(34)G(42)
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P(12)=-i G(13)G(41)r(342)d(34)
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(see [8] for the notation), where v(1,2) is the bare Coulomb interaction and Gy is the
non-interacting Green-Function and the dielectric function is obtained as
&1,2)=&1,2)-Iw(13)P(32)d(3).

Since the self-consistent solution of the Hedin equations is a very difficult task,
both from theoretical and computational point of view [4,9], the standard practice,
consolidated by the success of the applications, consists to stop at the first iteration
step. In this way, starting with a diagonal form of the vertex function in time and
space, a polarization function, given by non-interacting electron-hole pairs
(P=-iGG, which is the random phase approximation, RPA) and a self-energy,
product of the Green function G and the screened Coulomb interaction W, are
obtained: this is the so-called GW method [2].

Moreover, the starting Green function is, generally, constructed using the
single-particle Kohn-Sham orbitals and looking for a first-order perturbative

solution of eq.2 with respect to Z-V,. In this way the quasi-particle energies are
obtained from the diagonal matrix elements of Z-V,., as [4]:
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The application of this approach yields, in many cases, energy levels in good
agreement with photoemission and inverse photoemission experiments in
semiconductors, insulators and metals [4,9].

On the other hand, in order to correctly describe spectroscopic processes, where
electron-hole pairs are created [9], the inclusion of the self-energy corrections to the
DFT eingevalues in the RPA formula for P (which is the key quantity to obtain the
measured spectra), is still not enough. In fact a two particle excited state must be
described and this means that it is not possible to stop at the indipendent particle
level in the description of P, but we have to introduce the electron-hole interaction
(in other words a non delta-like I') through a second iteration of the Hedin
cquation [10]. This procedure allows to arrive to a four-index Dyson equation for P
(see [10] for details of the derivation), which describes the electron-hole dynamics

and reads as:
P(l 234)= P,Q,,(l 234) +[ R,Q,, (1256)K(5678)P(7834)d(5678) ,

and it is known as the Bethe-Salpeter equation (BSE).




Here P, describes the polarizability of independent quasi-particle pairs of one
hole and one electron while all the interactions are contained in the kernel K.

This kernel is done of two parts, which come by functional derivation,
respectively, of the Hartree potential and of the self-energy, with respect to the
single-particle Green function. Using the GW approximation for X and neglecting
oW/dG and dynamical effects in W, finally the kernel results as [10]:

K(1234) = X12) &34)v(13)—- {13)K24) W(12).

It can be shown [10] that the first term, written in reciprocal space and
eliminating the long-range divergent G=0 part, corresponds to the inclusion of local
field effects (LF) (which arise when the system is non homogeneous on the
microscopic scale), while the second represents the attractive screened electron-hole
coulomb interaction (EXC). In the following examples we will see how the first
term is particularly important in low dimensional systems, while the second one is,
generally, the most important in bulk materials.

All the BSE calculations performed for insulators and semiconductors [10,11]
show how the inclusion of the electron-hole Coulomb interaction allows a
quantitative comparison with experiments, not only below the electronic gaps,
where generally bound excitons are formed, but also above the continuum edge.
One of the first examples appeared in the literature is given by bulk silicon [11]
where excitonic effects have been shown to enhance the £, peak by almost 100 %.
Furthermore, the e-h interaction generally induces a redshift of the spectral peaks,
which partially cancels the blueshift arising from the seif-energy corrections.

3 Results and discussion

In the last ten years we assisted to a rapid growing up of application of this
computational scheme to many materials from bulk semiconductors to real surfaces
and nanostructures. Here we concentrate on a single material, germanium, showing
the optical response of the bulk, of a surface and of some nanowires.

In Fig. 1 we compare the imaginary part of the bulk dielectric function obtained
at different levels of the described theoretical approach, with the experimental curve
[12]. This figure shows (although this example is not as explicative as bulk Si) how
the agreement improves with the inclusion, beyond the self-energy corrections, of
the local fields and excitonic effects.

To give more insight about the potentiality of the method we illustrate the case
of a low dimensional system, where only their inclusion allows a quantitative
agreement between the theoretical and experimental surface differential reflectivity

spectra: the Ge(111)2x1 [13].
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Figure 1. Imaginary part of the dielectric function of bulk Ge: experimental curve from [12] (solid line),
the GW-RPA curve (dashed line), and with also the inclusion of excitonic and local-field effects (dotted

line).

This is a particularly interesting surface, since it can exist in two different
isomeric forms: one is the standard Pandey reconstruction, with buckled chains on
the topmost layer; the other is an equivalent Pandey reconstruction, but where the
chains undergo a ‘negative’ buckling (see Fig.2). DFT-LDA ground-state
calculations for the two isomers have shown them to be almost degenerate in
energy. Hence, the uncertainties of the calculations (mainly due to the approximated
form of the exchange-correlation potential), make it impossible, based only on total
energy results, to predict the most stable form. Excited state calculations, instead,
allow to make a clearer distinction between the positively and negatively buckled
surfaces. In fact, the main surface peak in the reflectance difference spectra (RDS)
is due to transitions involving essentially a single pair of flat surface bands,
localized on the topmost layer. This peak appears to be redshifted by about 0.2 eV
in the case of the negatively buckled chains, with respect to the standard Pandey
geometry. For a useful comparison of the calculated spectra with the experiments
{.e. to discriminate between the two isomers, it is necessary to know the absolute
encrgy position of the theoretical peaks. This is possible if self-energy corrections,
local-field and excitonic effects are taken into account explicitly. The results
(Fig. 2(b)) strongly suggest the negatively buckled isomer as the dominant
reconstruction of the measured sample. The existence of boundaries between
positively and negatively buckled domains has also been revealed by STM

cxperiments [14].
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Figure 2. a: Side view of the two most isoenergetic structures of the Ge(111)2x1, displaying positive and

negative buckling. b: Differential reflectivity spectrum of Ge(111)(2x1) surface: experimental data (dots)
[15], theoretical curves [13]: dashed lines (GW), full lines (excitonic and local-field effects included).

As the last example we discuss some of the results obtained for freestanding
hydrogen-terminated germanium wires oriented along [110] direction, with an
effective width of 4 and 8 A (an extended discussion about these wires, oriented
also along the [100] and [111] directions, is presented elsewhere {16]). Starting with
a study of the atomic relaxation effect on the wire band structures and dielectric
responses, which we found to be very small, we obtained DFT-LDA bandstructures
consistent with previous theoretical results obtained within a LAPW approach
instead of a PP one (used to obtain all the results presented here) [17].

In Fig.3 we plot some optical spectra calculated at the random phase
approximation (RPA) (independent-particle) level with and without the inclusion of
local-field (LF) effects. This shows how the dielectric response is strongly
modified, in these confined 1-D systems, by taking into account their
inhomogeneity (RPA+LF). In particular, including the local-field effects, we
observe a small change of the optical spectrum for light polarized along the wire
axis (x-direction, left panel), while we point out an important intensity reduction for
the perpendicular light polarization (y-direction, right panel). The reason why the
RPA, without LF, fails in the direction perpendicular to the wire axis is due to the
depolarization effect which is created by the polarization charges induced in the
system [18]. The depolarization is accounted for only if LFs are included, and is
responsible of the suppression of the low energy absorption peaks in y direction,
rendering the wire almost transparent below 8 eV.
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3, Theoretical ima_ginary part of the dielectric function polarized in the direction of the wire axis
panel), and perpendicular to it (right pane) for (110) oriented Ge wires with different sizes: 4 A
N panely), 8 A (lower panels). Solid lines: RPA, dashed lines: RPA+LF.

N ref. [ 16] other spectra, obtained overcoming the RPA but including both self-
‘ fen and c-h interaction show very important self-energy corrections, two or
‘$imen bigger than in bulk Ge as well as very strong e-h interactions, which
helons seem, in some way, to balance at least in the energy peak positions.

Conclusion

_ﬂl’ulqwinciplcs theoretical and computational scheme, obtained from a
____lmﬂlnn of density functional and many-body perturbation theories, which
PWadays allow to obtain both ground and excited state properties of many
Motinls, hax been summarized here. Some examples, where many-body effects
JaRgly influence the dielectric response have been also given. |
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