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Ab initio calculation of second-harmonic-generation at the Si„100… surface
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We present a microscopic, first-principles calculation of the second-harmonic spectra of clean and Hydro-
genated Si~100! surfaces. The differences between theoretical spectra obtained for different reconstructions,
namely the 231 and thec(432) ones, are dramatically enhanced with respect to those obtained in linear
optical response. The calculated spectral features are analyzed in detail, studying their relations with those of
bulk and surface linear optical spectra. The inclusion of quasiparticle effects within the scissors operator
approximation yields theoretical spectra in good agreement with the experiments.
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I. INTRODUCTION

As experimental nonlinear optical techniques beco
more widely used in surface physics studies, more refi
and precise methods of theoretical calculation are neede
render this kind of spectroscopies physically sound.
particular, second-harmonic generation~SHG! at
centrosymmetric-semiconductor surfaces has been used
great success to investigate experimentally a wide rang
surface related phenomena.1–4 The surface sensitivity stem
from the fact that, within the dipole approximation, SHG
forbidden inside the bulk of centrosymmetric crystals. Ho
ever, at the surface, where inversion symmetry is brok
dipolar SHG is allowed. On the theoretical side, some of
recently reported a successful calculation of SHG from cl
and H-covered Si~100! surfaces.5 The calculation of the non
linear surface susceptibility tensorxJ was carried out accord
ing to the semiempirical tight-binding~SETB! method,
where the equilibrium atomic positions for the different su
faces were obtained through the density-functional the
within the local-density approximation~DFT-LDA!. Atomic
positions calculated in this way are usually accurate wit
less than a tenth of an Angstrom.

This scheme has been frequently and successfully
ployed to study also the linear optical properties of semic
ductor surfaces.6,7 However, its semiempirical character, th
lack of self-consistency, the limited basis set, and other
proximations usually employed make it not completely s
isfactory. For this reason,ab initio approaches, where th
electronic structure is consistently calculated within DF
LDA, or including self-energy effects according to Green
function theory~where the resulting energy levels are acc
rate within 0.1 eV!, or even including the electron-hol
interaction, have been recently applied to study the lin
optical properties of semiconductor surfaces.8–10 While
qualitative agreement is generally obtained with SETB
sults, important discrepancies occur in some cases, for
stance in the reflectance anisotropy of Si~100!.8

In this paper we apply theab initio approach, used in the
case of linear optical properties, to calculate the SHG
semiconductor surfaces. We use Si~100! as a test case. Th
0163-1829/2001/63~20!/205406~6!/$20.00 63 2054
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purpose of the paper is to assess:~i! the effect of quasiparti-
cle ~QP! corrections on SHG spectra; and~ii ! their sensitivity
to the atomic structure of the surface.

Ab initio calculations have been recently carried out
Gavrilenkoet al.11 for the clean 231, H-covered monohy-
dride, and Ge-covered Si~100! surfaces, and by Limet al.12

for the boron-covered surface, without including QP corre
tions. Here, we consider the most stablec(432) reconstruc-
tion of the clean surface, and a number of differe
H-covered phases. We find nontrivial QP effects and imp
tant differences between the spectra calculated for thec(4
32) and 231 reconstructions, the former being in bett
agreement with experimental data.

The paper is organized as follows. In Sec. II we give t
basic formulas needed to calculate the SHG radiated
ciency. In Sec. III we present and discuss the results an
Sec. IV we give the conclusion.

II. THEORY

We calculate the reflected SHG efficiencyR through the
second-order surface susceptibility tensorxJ. For an isotropic
surface, such as the double-domain Si~100! surface consid-
ered here, thep-polarized SH output is given by

Rpi5
32p3

~n0e!2c3
v2 tan2uuTp~2v!Ti

2~v!r piu2, ~1!

where i 5s or p indicates the polarization of the incomin
photon of frequencyv. Here,

r pp5sin2ux'''1~c/v!2k'
2 ~v!x'i i

2~c/v!2k'~v!k'~2v!x i i' , ~2!

andr ps5x'i i . Thes-polarized SH is identically zero due t
symmetry considerations. In the equations above,u is the
angle of incidence,c the speed of light,e the electron charge
n0 the electron density of the system,Ti the transmission
Fresnel factor for thei polarization, andk'5(v/c)@e(v)
2sin2u#1/2, e(v) being the bulk dielectric function. We no
tice that all components ofxJ different from zero contribute
©2001 The American Physical Society06-1
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MENDOZA, PALUMMO, ONIDA, AND DEL SOLE PHYSICAL REVIEW B63 205406
to Rpp . These expressions are strictly valid within the dipo
approximation. Nevertheless, even if quadrupolar correcti
are considered, the isotropic and anisotropic bulk quadrup
terms inR,13 have been shown to yield negligible contrib
tions as compared to the surface dipole terms.14–16

The key ingredient of the calculation isxJ for the double-
domain surface considered here. Following Ref. 17,
briefly sketch the procedure taken to calculate it. We mo
the semi-infinite crystal by a slab ofN atomic planes. The
imaginary part of the single-domain second-order surf
susceptibilityXJ is given by

Im@Xi jk~v!#

5
pn0e4

2Am3v3 (
kW

(
r PC

(
sPV

H (
nPC

F S P sn
i Pnr

j Prs
k

Ens22Ers

1
Psn

j P nr
i Prs

k

Ens1Ers
D d~Ers2\v!

22
P sn

i Pnr
j Prs

k

Ens22Ers
d~Ens22\v!G

2 (
mPV

F S P mr
i Psm

j Prs
k

Erm22Ers
1

Pmr
j P sm

i Prs
k

Erm1Ers
D d~Ers2\v!

22
P mr

i Psm
j Prs

k

Erm22Ers
d~Erm22\v!G J , ~3!

wherePs,n
i (kW ) is the matrix element of thei-Cartesian com-

ponent of the momentum operator (PW ) between statess and
n, which may be valence (V), or conduction~C! states at
point kW in the two-dimensional Brillouin zone,A is the
sample area,Enr5En(kW )2Er(kW ), En(kW ) being the one-
electron energy. We remark that the above expressions m
be symmetrized in the last two indices (jk) in order to com-
ply with the intrinsic permutation symmetry ofXJ , and em-
ploy the Kramers-Kronig transform to calculate the real p
of XJ . Then, the components ofxJ for the double-domain
~100! surface are obtained through

x'''5Xzzz, ~4a!

x'ii5~Xzxx1Xzyy!/2, ~4b!

x ii'5~Xxxz1Xyyz!/2, ~4c!

whereXi jk5Xik j are calculated for each of the two singl
domain lattices. Notice thatXzxx

I 5Xzyy
II , andXxxz

I 5Xyyz
II , for

domain I and domain II.
In the calculation ofXi jk , the fundamental electric field

oscillating atv that induces the nonlinear response, is tak
inside the surface. In particular, these fields are simply gi
by the external fields properly multiplied by the correspon
ing Fresnel factors.17 A more detailed description of th
fields, which incorporates the spatial variation of the diel
tric function near the surface within the three-layer mode17

shows no change in the SHG peaks positions, and on
20540
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slight difference in their intensity. However, the full trea
ment of the surface screening is still lacking, and furth
improvement of the present formulation can be made al
this point. This screening will presumably affect more t
zzzcomponent ofXJ than any other component, however,
is not at all trivial to anticipate what the actual effect will b
and thus, we explain the results within our approximatio
Also, excitonic and local-field effects have been included
far only in the case ofsimple surfaces, as Si(111)231.10

This surface issimplein the sense that its optical propertie
in the lowest-energy range~below 1 eV! can be calculated by
considering only one filled and one empty surface band,
limited k-space region where they have a small dispersi
This of course greatly reduces the number of electron-h
states used to build up the excitons and makes the excit
calculation feasible. This is not the case of Si~100!, where a
lot of bulk states must be considered, for energetic reas
together with surface states. Therefore, at the present sta
the available calculations for optical properties of semico
ducting surfaces, like the one presented here, local-field
excitonic effects are still beyond current capabilities f
Si(100)231 andc(432) and are thus neglected throug
out.

The fact that we use a repeated slab in order to model
semi-infinite crystal brings about the complication that su
a system is intrinsically centrosymmetric. Therefore, in ord
to describe the emission of SH light, we introduce the mo
fied momentum operatorPW 5@S(z)PW 1PW S(z)#/2, where PW

52 i\¹W is the usual momentum operator, andS(z) is a
function of z, being 1 at the front surface and 0 at the ba
surface. This function allows us to avoid the spurious d
structive interference of SH light generated at the two s
faces of the slab. However, the calculation of thePW matrix
elements is computationally heavier than that ofPW matrix
elements in a plane-wave basis, sincePW is diagonal therein,
while PW is not. To overcome this problem, the matrix el
ments ofPW , required in Eq.~3!, are calculated according to

PW mn5
1

2 (
s

~SmsPW sn1PW msSsn!, ~5!

where the completeness relation for the states of the slab
been used. Expanding the wave functions ascnkW(rW)
5(GW cnGW (kW ) exp@i(kW1GW )•rW# ~where all plane waves up to
cutoff of 15 Rydberg are included!, it is straightforward to
obtain that

Smn5 (
GW GW 8

cmGW 8
!

~kW !cnGW ~kW !dGW iG
W

i8
f ~g2g8!, ~6!

with

f ~g!5E
0

d

dzS~z!e2 igz. ~7!

Here, GW 5GW i1gẑ, are the vectors of the reciprocal lattic
and d is the slab periodicity. ForS(z) we have used a ste
function centered at the middle of the slab. Using smoot
6-2
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Ab initio CALCULATION OF SECOND-HARMONIC . . . PHYSICAL REVIEW B 63 205406
functions yields the same SHG line shape with only sm
changes in the absolute magnitude ofR.17

Theab initio DFT-LDA calculation of the optical proper
ties of solids, produces gaps that are smaller than the ex
mental ones by about 0.5–1 eV in semiconductors, leadin
redshifted spectra.18 In principle, one should go into a many
body formalism to improve beyond DFT-LDA.10,19–22 In
practice one has to consider an effective single-QP Ha
tonian, where self-energy effects are described accordin
Hedin’s GW approximation23 and the electron-hole interac
tion is neglected. The effect of the QP corrections on
linear optical spectra of semiconductors can be calculate
assuming nearly identical DFT-LDA and QP wave function
and by following the next two steps due to Del Sole a
Girlanda:24 first, the LDA energiesEn(kW ) are shifted by
Dn(kW ), and second, the momentum matrix elementsPW mn are
renormalized according to

PW mn
eff 5PW mn

Em~kW !1Dm~kW !2En~kW !2Dn~kW !

Em~kW !2En~kW !
. ~8!

We use the scissors-operator approximation, used in Ref
for the calculation of the linear optical response~bulk! of Si
and Ge, in which the conduction bands are rigidly upwa
shifted by a constantDn(kW )5D with respect to the valenc
bands. In Eq.~3! we replaceEn(kW )→En(kW )1D if n is a
conduction~C! state, and replace theC-valence(V) matrix
elements ofPW , by

PW CV
eff 5PW CV

EC~kW !2EV~kW !1D

EC~kW !2EV~kW !
. ~9!

This renormalization stems from the nonlocal character
the self-energy. If the scissors-operator approximation
used naively, that is without renormalizing the optical mat
elements according to Eq.~9!, spectral intensities and dielec
tric constants are underestimated by about 30 percent in25

This procedure has been recently applied also to the calc
tion of bulk SHG spectra in III-IV compounds.26

At present, the QP calculation outlined above is the b
that can be done for this surface, which, on the other ha
has become prototypical for SHG experiment and theory.
mention, though, that excitonic and local-field effects, alo
with the surface screening, might be crucial for a quantitat
comparison between theory and experiment.

III. RESULTS

Energy minimization reveals that the most favorab
structure for the clean Si~100! surface corresponds to ac(4
32) reconstruction, where the Si-Si dimers alternate
buckling from one neighbor to another in the surface plan27

Although reflection high-energy electron diffractio
~RHEED! shows a 231 unit cell at room temperature, th
local structure is expected to bec(432).27 In Fig. 1 we
show thep-in p-out SHG efficiency,Rpp , of the c(432)
reconstructed clean Si~100! surface, where the broadenin
for the Kramers-Kronig transform is set to 25 meV. We r
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port both theD50 result ~i.e., the bare LDA!, and theD
50.5 eV result~i.e., including QP corrections within the
scissors-operator approximation!.28 We notice that QP cor-
rections not only shift the resonances to higher energies,
also substantially redistribute their weights, as a conseque
of the different shifts of 1v and 2v resonances in Eq.~3!.
For the spectrum withD50.5 eV, theE1 peak is clearly
seen at 3.2 eV,E2 is seen just above 4.5 eV, and theE18 bulk
transition is present at 5.3 eV. We also notice several pe
below E1, which come from transitions involving dangling
bondlike surface states.5 An important observation from the
spectra is that several bulk interband transitions known fr
linear optics, such asE18 , are present and, in contrast wit
the linear case, show a comparable magnitude with respe
E1 andE2.

We have carefully checked the convergence of the ca
lation with respect to the number ofk points used to calculate
the susceptibility, to the number of layers in the slab, and
the thickness of the vacuum layer between the slabs, u
the 231 reconstruction as the test case. We found that g
convergence is achieved using 256k points in the irreducible
rectangle of the surface Brillouin zone~SBZ!, and four
empty atomic layers between the slabs. In Fig. 2 we sh
Rpp for a 231 reconstructed clean Si~100! surface, withD
50.5 eV for various slab thicknesses, where the broaden
for the Kramers-Kronig transform is set to 50 meV. We s
that the curves for 16 and 20 layers are similar to each ot
although markedly different from that with 12 layers. Henc
we assume that 16 layers are enough to ensure good co
gence, and use the same thickness for all the reconstruc
studied here. In the case ofc(432), we checked that 32 o
64 specialk points in the irreducible SBZ yield similar re
sults. The converged spectra for the 231 reconstruction,
shown in Fig. 2~16 and 20 layers!, are significantly different
from that of thec(432) surface shown in Fig. 1, and the
overall intensities are aboutseven timessmaller. The 20-

FIG. 1. We showRpp vs the two-photon energy for thec(4
32) Si~100! surface. The angle of incidenceu555° is the same as
in the experiment of Ref. 4, and a broadening of 25 meV is us
The solid line corresponds toD50.5 eV, that is with QP correc-
tions, whereas the dotted line is forD50, corresponding to the
LDA result.
6-3
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MENDOZA, PALUMMO, ONIDA, AND DEL SOLE PHYSICAL REVIEW B63 205406
layers spectrum has peaks or shoulders at 1.5, 1.9, 2.4,
2.6 eV, that are due to 2v surface-state resonances, appe
ing also in the reflectance anisotropy~RAS! and/or surface
differential reflectivity ~SDR! spectra of Ref. 8 at nearb
frequencies. 1v resonances corresponding to the seco
third, and fourth structure mentioned above appear at ab
3.8, 4.8, and 5.2 eV~of course, a 1v resonance occurs at
frequency that is twice that of the corresponding 2v reso-
nance!; the latter two merge with the 2v resonance corre
sponding toE2, around 4.6 eV, and that corresponding toE18
around 5 eV. The strong peak at 3.3 eV is the 2v resonance
corresponding toE1. Our converged spectra for 16 and 2
layers are similar to that of Gavrilenkoet al.,11 in the energy
range where they show experimental data~around 3.3 eV!,
although there is a slab of only 12 layers and a differ
theoretical framework was used, suggesting that subtle e
cancellations may occur in SH calculations.

The comparison with experiment is qualitatively good f
the QP-corrected SHG spectrum obtained for thec(432)
reconstruction. As it is shown in Fig. 3, the low-temperatu
experimental spectrum has, besides theE1 peak at 3.4 eV, a
peak at 3.0 eV,4 which is reproduced by the calculation an
mainly explained in terms of a 1v-resonant transition acros
surface states.32 We notice that the calculated spectrum
redshifted with respect to the experiment by about 0.2
For comparison, the spectrum for the 231 surface is also
shown with a much weaker intensity~multiplied by seven in
order to be seen in the plot!. The finer detail of this spectrum
as compared with that of Fig. 2 is due to the smaller bro
ening of 25 meV used in Fig. 3. Although this spectrum h
a different line shape as that of thec(432), as we mention
before, it also has theE1 peak at 3.2 eV, and the surfac
related peak at 2.8 eV, which is 0.1 eV below the cor
sponding peak of thec(432). As seen from Fig. 3, the ratio
of the intensity of the surface peak andE1 peak, and the
energy separation is in better agreement with that of the
periment for thec(432) than for the 231 surface recon-
struction. We also notice that both surfaces present a s
peak in between the last two peaks that is not resolved in

FIG. 2. Same as Fig. 1, but for a 231 reconstruction of the
clean Si~100! surface for 12~dotted!, 16 ~dashed!, and 20~solid!
planes. The broadening in this case is 50 meV.
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experiment. We have also plotted some newly obtained S
data around 2 eV,29 where we see that there is also a ni
agreement with the theoretical spectrum of thec(432) or
the 231 surface. We mention that neither experiment ga
absolute values forR, but the low-frequency data showe
less counts than theE1 SHG data.29 In this figure we also
show ~bottom panel! the spectra for thec(432) surface as
obtained within the SETB formalism described in Ref.
with the same set of coordinates as in this reference, and
set of coordinates calculated in Ref. 8 and used here.
two SETB spectra are rather similar to each other. The co
parison with theab initio spectrum above 2 eV is satisfac
tory, although important differences are present below t
energy. They are related to the wrong sign predicted
SETB in the linear optical technique of reflectance anis
ropy in this energy range.8

As we mentioned before, within the dipole approximati
the s-polarized SH output is identically zero due to symm
try. However, thep-polarized SH is also possible for a
s-polarized beam. Indeed, as given above,r ps5x'i i , thus,
Rps only samples one component ofxJ. Although, no experi-
mental spectrum has been reported for this combination
polarization on Si~100!, we show in Fig. 4Rps for the c(4
32) and 231 surface reconstructions. We notice that bo
spectra show well-definedE1 peak~around 3.3 eV! and sur-
face peaks, and the the bulk peaks are also present, alth
not as well defined as for theRpp case. Also, the intensity o
the 231 is much smaller than for that of thec(432) case,
especially below 2.5 eV. Finally, we mention that the over
intensity of Rps is at least an order of magnitude small

FIG. 3. Same as Fig. 1. The top panel shows thec(432) ~solid
line! and the 231 ~dashed line, multiplied by 7! spectra forD
50.5 eV. The dotted lines show the low-temperature experime
results of Ref. 4~aroundE1) and of Ref. 29~around 2 eV!, both
rescaled on the vertical axis. The bottom panel shows the SE
spectra, where the solid line is for the same coordinates as the
line of the top panel, and the dotted line is for the coordinates
Ref. 5 ~see text for details!.
6-4
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Ab initio CALCULATION OF SECOND-HARMONIC . . . PHYSICAL REVIEW B 63 205406
than that ofRpp , a fact that might explain the lack of mea
surements for this much weaker SH signal.

To complete this paper, in Fig. 5 we showRpp for a 2
31 reconstructed H-covered Si~100! surface, including QP
corrections withD50.5 eV. We show spectra for one H p
surface dimer, for 2 H per surface dimer~which corresponds
to the monohydride phase!, and for the ideally terminated
surface, where the dimer is broken due to the bonding of
per surface Si. We mention that at the monohydride a
dihydride surface, there are no surface states in the near
region, while some of them survive at the partially satura
surface with one H per dimer. We see that complete H s
ration quenches all structures below 3.5 eV, which are du
transitions involving surface states. The comparison with

FIG. 4. We showRps vs the two-photon energy for thec(4
32) ~solid line! and the 231 ~dotted line! Si~100! surface.Rps

gives thep-polarized SH efficiency for as-polarized input beam.
The angle of incidence isu555° and a broadening of 25 meV i
used. Both cases are for QP corrections withD50.5 eV.

FIG. 5. Same as Fig. 1, but for H covered 231 reconstructions
of the Si~100! surface. The solid line is for one H per surface dim
the dashed line is for the monohydride phase, and the dotted lin
for the ideally terminated surface~4 H per dimer!. The vertical
arrows denote the positions ofE1.
20540
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unshifted spectra~i.e., those withD50, not shown here!
reveals that, different from the case of the clean surfa
shifted and unshifted spectra are similar to each other, a
from the shift. This is obviously due to the lack of the inte
ference of the 1v surface-state resonances with the 2v E1
and E2 resonances. We notice that theE1 peak is shifted
from its position at 3.2 eV in the cleanc(432) surface~see
Fig. 1!, to about 3.08 eV for the one H per dimer surface, a
to 3.04 eV for the monohydride surface. For the ideal surf
~4 H per dimer!, E1 is at 3.14 eV. Also, the intensity of the
E1 peak is strongly reduced as compared with the clean
face. The redshifted spectra and the quenching of theE1
peak as a consequence of H absorption are in qualita
agreement with experiment.4 Moreover, as we move from
the monohydride to the ideally terminated surface, the bl
shifted E1 peak is also observed experimentally.4 These
shifts are obtained within SETB only by assuming the pr
ence of suitable built-in near-surface electric fields.30

IV. CONCLUSION

Comparing the SHG experimental findings for this su
face with the theoretical spectra calculated within LDA wi
QP corrections or within SETB, we may conclude that qua
tatively both approaches give the same answer, to wit,
the bulkE1 resonance occurs in surface SHG spectra thro
electronic transitions across surface-perturbed bulk sta
and that the spectral structures belowE1 are due to transi-
tions across surface states. Also, we find that thex ii' com-
ponent of the second-order surface susceptibility is mo
responsible for the observed features. Therefore, it is the
terplay of both in-plane and perpendicular components oxJ
that gives rise to the SH response.5 However, important dif-
ferences between SETB and the presentab initio calculation
occur below 2 eV~see Fig. 3!, which are related to the wrong
sign of reflectance anisotropy predicted by SETB in the sa
energy range.8 Moreover, theab initio approach yields over-
all SHG intensities dramatically dependent on the rec
struction, and shifts of theE1 peak with H coverage in agree
ment with experimental findings without anyad hoc
assumption.

In summary, we have presented anab initio calculation of
surface SHG, based on the determination of the equilibri
geometry and of the electron bands within DFT-LDA. Wh
QP effects are included within the scissors-operator appr
mation, important changes of the spectra occur, due to
interference of 1v surface-state transitions with 2v bulk-
state transitions, which undergo different shifts. When su
interference is absent~as in the case of H-saturated surface
where near-gap surface states do not occur!, instead, only an
almost rigid shift of the spectrum is obtained. This treatm
shows good agreement with the experimental spectra
clean and H-covered Si~100! surfaces. We have carefull
studied the convergence of the calculated spectra with
spect to the number ofk points and to the slab thickness. W
found that SHG is extremely sensitive to the reconstructi
in particular,c(432) and 231 reconstructions yield differ-
ent spectra, the former being about 10 times more inte
than the latter. The spectrum of the energetically favora

,
is
6-5
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c(432) surface resembles better the experimental one,
viding an optical proof of the existence of this specific r
construction.
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