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We study the electronic structure and the optical properties of germanium clusters up to about 103

atoms, by using a semi-empirical tight-binding approach. Germanium nanocrystals are related to
quantum dots growing, by a self-organization process, in sapphire matrices. The optical properties
of such dots are experimentally found to be strongly influenced by quantum confinement effects.
We investigate these effects from the theoretical point of view, calculating the optical spectra in
the single-particle approximation. Inclusion of the electron±hole interaction is found to yield visi-
ble effects.

1. Introduction

During the last few years semiconductor quantum dots received much attention be-
cause of their potential technological applications, and their importance in understand-
ing the physics of zero-dimensional structures. A considerable amount of work has
been devoted to the study of self-organized quantum dots in III±V and II±VI semicon-
ductor systems, and more recently in the homopolar semiconductors like Si and Ge.

The visible photoluminescence observed in silicon and more recently in germanium
nanocrystals [1,2] attracted much attention both from the fundamental point of view
and for the possible applications to optical devices. Peng et al. [3] showed, from photo-
luminescence measurements, that an indirect to direct conversion occurs in Ge quantum
dots. Moreover, confinement effects are observed in the vibrational spectra of germa-
nium nanoparticles [4, 5]. Less literature is present on the optical absorption spectra.

Absorption measurements, as a function of the size reduction, were obtained recently
by Tognini et al. [6] for quantum dots of germanium grown by the evaporation-conden-
sation self-organization technique in an amorphous Al2O3 matrix. This growth method
permits to minimize the stress and the matrix perturbation, and provides a relatively
narrow size distribution. The nanoparticles obtained with this technique have the shape
of truncated spheres and are single crystals, with extremely varying size, typically from
ten to a few thousand �A. The experimental absorption spectra, obtained by subtracting
from the overall measured spectra the absorption of the matrix, show a relevant blue-
shift of the E2 peak and a weakening of the E1 peak, as a function of size reduction.
The different behaviours of the two peaks is qualitatively interpreted by the authors of
ref. [6] in terms of quantum confinement, and in connection with the different nature of
the two structures.

From the theoretical point of view, the quantum confinement effect on the onset of
the absorption spectra has been studied in the case of silicon dots [7, 8]. Full optical
absorption spectra have been calculated by Wang and Zunger [9] for the same system.
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No similar calculation is available in the case of germanium. Hence, in the present
paper, we study the optical absorption spectra of Ge quantum dots and compare them
with the available experimental data.

2. Calculation and Results

The spherical dots are modelled generating the atomic positions at the bulk interatomic
distances up to a maximum radius. The external atoms are replaced by hydrogen atoms,
in order to saturate all the Ge dangling bonds.

For comparison, we also computed some optical spectra without saturating the Ge
atoms in the external positions. The differences will be shown in the following.

As a first step, we calculate the one-electron states of the germanium nanocrystals.
The calculations are performed using the semi-empirical tight-binding Hamiltonian de-
scribed in ref. [10], with a five-orbital per atom basis set (sp3s*). The matrix elements
of the momentum operator between atomic orbitals, needed to evaluate the optical
properties, are computed according to

p � i
m

�h
�H; r� �1�

and expanding the commutator on the (approximately) complete (sp3s*) basis set. Only
intra-atomic matrix elements of r are retained. For the intra-atomic dipole matrix ele-
ments we use hsj xjpxi � 0:2 �A and hs*j xjpxi � 1 �A, succesfully used elsewhere [11]. Be-
fore performing the calculations for the spherical dots, the electronic structure of bulk
germanium has been checked against the original work of Vogl et al. [10].

24 M. Palummo et al.

Fig. 1. Comparison between the
bulk Ge theoretical optical spectrum
(dashed line) obtained within the
one-particle tight-binding approach
and the experimental spectrum ob-
tained by ellipsometry (full line)
from ref. [12]



Using the Fermi golden rule, the imaginary part of the bulk dielectric function is
obtained through the one-particle tight-binding eigenvectors and eigenvalues, and using
825 k-points in the irreducible wedge of the Brillouin zone. A comparison with the
experimental results of Aspnes and Studna [12] is shown in Fig. 1. The position of the
low energy peak E1 is just slightly overestimated (2.5 eV instead of 2.2 eV) while its
intensity is understimated. Both the effects can been explained by neglecting the exci-
tonic effect in the calculation of the optical spectrum. Moreover, the experimental
curve shows a well pronounced peak E2 at 4.26 eV and a shoulder at 3.5 eV, while in
the theoretical spectrum the situation is reversed: a large peak at 3.5 eV is present,
while the structure at 4.26 eV appears just as a shoulder. This can be attributed to the
limits of the sps* first-neighbours tight-binding parametrization which fails to describe
correctly the dispersion of the second conduction band, along the X±K direction [10].
The E1 peak is due essentially to transitions along the G±L direction, while the E2 peak
appears to arise from a well defined, limited region inside the Brillouin zone. This re-
gion is near the Chadi Cohen special point 2p=a 3 =4; 1 =4; 1 =4� �. The shoulder at
3.3 eV in the experimental spectrum is instead due to transitions from the last occupied
state in G to the second unoccupied state near G (G015 ! G02).

The imaginary parts of the dielectric functions of the nanocrystals are calculated fol-
lowing the same approach used for the bulk, but using the dot volume to normalize the
result. The E2�w� of four spherical dots (Ge87H76, Ge167H124, Ge293H172 and Ge633H300

with radii of 8, 10, 12, 15 �A, respectively) are shown in Fig. 2. The structures appearing
at about 6 eV are essentially due to the presence of the surface hydrogens. A blue-shift
of the spectra due to the quantum size effect is present, together with a reduction of
the intensity of the two main bulk structures.
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Fig. 2. The one-particle theoretical
spectra, obtained for four different
dots, are compared with the spec-
trum of bulk germanium. In all the
cases shown the surface dangling
bonds are saturated with hydrogen
atoms



The size scaling of the band gap is compatible with the law DEg�R� � Rÿa with
a � 0:8. An exponent lower than 2, which is the value predicted by simple particle-in-a-
box effective mass models, has also been found, in the silicon dots, by ab-initio calcula-
tions of Wang and Zunger [9].

Fig. 3 shows E2�w� obtained for four different bare Ge dots (no H at the surface). In
this case, a first low energy peak (due to the presence of surface states) occurs. Only
little differences show up between the spectra of the two large dots (633 and 1087 Ge
atoms), and between the two dots with 167 and 293 atoms. In both figures (Figs. 2 and 3)
the E2�w� of the bulk case is plotted for comparison.

For the dots with R � 8 and 12 �A, we repeated the E2�w� calculations considering Si
instead of Ge, in order to see the differences. Fig. 4 shows the optical absorption spec-
tra for the two silicon dots.

Finally, Fig. 5 shows the comparison of our single-particle optical spectra with the
experimental results of ref. [6], for the R � 12 and 15 �A germanium dots. The position
of the theoretical peaks are clearly blue-shifted with respect to their bulk positions. The
theoretical E1 shift is 0.3 eV for R � 12 �A and 0.2 eV for R � 15 �A. However, in the
experimental curves the E1 structure does not display any evident blue-shift, but only
an intensity decrease.

In order to look for the reason of this quantitative disagreement between the theore-
tical spectra and the experiments we included excitonic effects. The first step is to calcu-
late them perturbatively [8]. The energy differences between valence and conduction
bands in the E2�w� formula are calculated including the electron±hole Coulomb attrac-
tion as described in the following.
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Fig. 3. One-particle theoretical opti-
cal spectra obtained for four differ-
ent dots compared with the spectrum
of bulk germanium. In all the four
cases shown here, only Ge atoms are
used, then the surface states are pres-
ent
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Fig. 4. Results for the optical spectra
of silicon dots, compared with the
bulk spectrum, computed within the
present tight-binding one-particle ap-
proach

Fig. 5. Comparison between the one-
particle theoretical optical spectra
and experimental results from ref. [6]
for the Ge dots



The Coulomb terms, given by

wc
i �re� wv

j �rh� e2

Ejre ÿ rhj

����� ����� w0ci �re� w0vj
� �

�rh�
� �

�2�

can be evaluated expanding the one-particle wave functions in terms of the atomic
orbitals of the tight-basis w �P

a
cafa, where a is the index of the atomic orbitals.

We obtain a sum of terms such as

Va0;b0
a;b � fa�re� fb�rh� e2

Ejre ÿ rhj
���� ���� fa0 �re� fb0 �rh�

� �
: �3�

Coherently with what we have done in calculating the one-particle states, we neglect
the overlaps, obtaining

Va0;b0
a;b � da;a0db;b0

� jfa�re�j2 jfb�rh�j2 e2

Ejre ÿ rhj d3re d3rh : �4�

As the atomic orbitals are by definition strongly localized on the atoms, we approxi-
mate jre ÿ rhj by its value at the positions Ra and Rb of the atoms with respective func-
tions fa and fb.

The final expression is

Va0;b0
a;b � da;a0db;b0

e2

EjRa ÿ Rbj : �5�

This expression is no longer valid when Ra and Rb are equal. In this case the term
Va0;b0

a;b is the Coulomb energy between two electrons on the same atom. For the dielec-
tric function E appearing in the formula we used the parametrization proposed by Cap-
pellini et al. [13], which was obtained for the bulk and which includes the jr ÿ r0j depend-
ence.

In reciprocal space it is given by

E�q� � 1� 1

1
E0 ÿ 1

� a
q2

q2
TF

� �h2q4

4m2w2
p

; �6�

where qTF � 4
p

kF

� �1=2

and wp � 4pre

m

� �1=2

.

Then the intra-atomic Coulomb integrals (Uii, we neglect the off-diagonal integrals)
are calculated using the Fourier transform of the screened Coulomb potential.

For the atomic wave functions fs we used the parametrizations proposed in ref. [15]
and used also in reference [16],

fp�r� � Nprpr e
r

2rp ; �7�
where rp means r� � x� iy, rÿ � xÿ iy and r0 � z

fs�r� � Nsr e
r

2rs : �8�
Here Np and Ns are the normalization constants, and rs and rp are 0.43 and 0.48 at.
units, respectively.
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We obtain Us;s � 3:22 eV, Up1;p1
� 1:22 eV, Us;p � 1:79. So far we have not calculated

Us�;s�, putting it equal to zero.
We find no relevant differences in the final spectrum if we put Us�; s� � Us; s and also

if we use the Coulomb integrals obtained using the electron wave functions of an atom-
ic DFT-LDA calculation.

The effect of the inclusion of the Coulomb interactions for the dots with R � 12 and
15 �A is shown in Fig. 6.

Fig. 7 shows the spectra (for the dot with R � 8 �A) obtained in the one-particle
scheme and with the inclusion of the electron±hole interaction both for the silicon and
germanium case. The red-shift due to the Coulomb±hole attraction can qualitatively
explain the experimental features of ref. [6] where no shift of the E1 structure was
seen, but the perturbative approach is insufficient to eliminate the discrepancy. This
hypothesis is substantiated also by previous calculations on silicon dots performed by
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Fig. 6. Theoretical optical spectra obtained including the diagonal electron±hole interaction as dis-
cussed in the text, compared with the one-particle results for a typical pure Ge dot (Ge633) and for
a saturated one (Ge293H172)



Hill and Whaley [14], who performed a two-particle tight-binding calculation in silicon
dots and shown that the single-particle band-edge eigenfunctions are no good approxi-
mations to the exciton wave functions. We note also that the red-shift decreases with
increasing dot size.

Moreover, it is important to underline that it is not obvious which value for the screen-
ing function is better to use in the electron±hole integrals. In fact, previous works for
silicon dots indicate a reduction of the screening as the dot size R diminishes [9]. For this
reason we calculated the optical spectrum also using in the Coulomb±hole attraction a
value of E � 8 (obtained by scaling the value calculated by Wang and Zunger in a silicon
dot of radius about 10 �A, to the germanium case). For this reason in Fig. 7 (and in the
second part of Fig. 6) we report curves obtained with different values of the dielectric
constant. The reduction of the screening to the reasonable value of E � 8 is again not
enough to resolve the discrepancy to the experimental results; we tried also to calculate
the spectrum with a lower value of the dielectric constant E � 2. In this case the red-shift
is clearly more pronounced but we believe that so small values of E are not realistic.
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Fig. 7. Effects of the diagonal electron±hole Coulomb interaction in the optical spectra of Si and
Ge dots of the same size. The effect of using different values for the dielectric constant is shown



3. Conclusions

Using the semi-empirical tight-binding approach we calculated the optical absorption
spectra of some Ge nanocrystals. The theoretical single-particle spectra show a blue-
shift of the E1 bulk peak, while we cannot make any prediction on the E2 peak, be-
cause the first-neighour sps* parametrization has revealed not enough, for the germa-
nium case, to describe it correctly. In order to explain the experimental results which
present only a decrease of the intensity of the E1 peak with the decrease of the size
and no blue-shift, we included, in a perturbative approach, the Coulomb electron±hole
interaction. This induces a red-shift of the structures, but it is not able to explain the
experimental results. In our opinion, differently from the first bound exciton state near
the gap, where calculations within the perturbative approach give quite satisfactory re-
sults, in the case of the full optical spectrum, where a strong mixing of electron±hole
couples can occur, a diagonalization of the full effective excitonic Hamiltonian cannot
be avoided. A comparison with silicon dot spectra has been performed.
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