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Abstract

We consider the Boltzmann equation for a gas in a horizontal slab, sub-
ject to a gravitational force. The boundary conditions are of diffusive type,
specifying the wall temperatures, so that the top temperature is lower than
the bottom one (Benard setup). We consider a 1-dimensional stationary
solution, which is close for small Knudsen number to the laminar purely
conductive stationary solution of the Oberbeck-Boussinesq equations, and
prove its stability under small 1-dimensional perturbations and for small
Knudsen number.
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1 Introduction

The bifurcation theory allows to study phenomena of spontaneous formation of
patterns from a homogeneous state. The Rayleigh-Benard problem is a proto-
type of pattern formation: when a layer of viscous fluid under the action of a
gravitational force is heated from below, convective instabilities set in when the
vertical temperature gradient exceeds a certain critical value. Below this value
the motionless state is stable, while beyond the critical value it becomes unstable
and various pattern flows appear, for example roll patterns. This phenomenon is
called Rayleigh-Benard convection and has been studied within the scheme of the
Oberbeck-Boussinesq approximation. In recent years Y. Sone and the team in



Kyoto have made extensive numerical studies of the kinetic aspects of the prob-
lem using an asymptotic approach, see e.g. [SD] and the monographs [So]. In this
paper we start a study of stability properties for this system on the level of the
Boltzmann equation. Our starting point is the stationary Boltzmann equation in
a slab of width 2d with diffusive boundary conditions.

A stationary solution Fj of the Boltzmann equation in the laminar regime has
been constructed in [EML] for small Knudsen number e. It is given in terms of a
truncated expansion in € whose leading term in the bulk is a global Maxwellian.
The term of order € determines the hydrodynamic quantities which are close, up
to order €2, to the density, velocity and temperature of the hydrodynamic laminar
flow, stationary solution of the OBE. This purely conducting solution of the
Boltzmann equation was constructed only for small difference of temperatures,
corresponding to having a small Rayleigh number. Here, (Sections 2 and 3), we
construct this solution for any value of the Rayleigh number, provided that the
force is small enough. This solution can be proved to be positive, by using the
approach in [AN2]. Moreover, we prove the stability of F; for the Boltzmann
dynamics under suitable small 1-dimensional initial perturbations and for small
Knudsen number.

At the hydrodynamical level the 1-dimensional perturbations, i.e. perturba-
tions depending only on the z coordinate, in the direction orthogonal to the walls
are easy to study. The component of the velocity field u, orthogonal to the walls
has to be zero by the incompressibility condition and the impermeability condi-
tion, while the other components u,, u, and the temperature are solutions of a set
of decoupled parabolic equations so that general results on parabolic equations
provide their decay in time for any Rayleigh number. On the contrary, more
general perturbations (depending on x, y) decay to zero, proving the stability of
the laminar flow, only up to a critical value of the Rayleigh number [Jo]. Above
this value the purely conductive solution becomes unstable and the roll solutions
appear and are stable, at least for values of the Rayleigh number close to the
critical one [Iu].

At the kinetic level even the 1-dimensional perturbations require some effort
to be studied. We study the Boltzmann equation for the perturbation ® = F' — F}
and write the solution again in terms of a truncated expansion in e.

5
Ot z,0) = Y _"®M(t, z,0) +eR(t, 2,v), 2 € (—d,d). (1.1)

n=1

The expansion start with a term of first order

2 _
¢(1)=M<p1+ul-v+Tl‘U|2 3) ’

where M is the standard Maxwellian and the fields p'(t, ), u'(t, 2), T* (¢, z) are
solutions of the hydrodynamic equations for the perturbation.



The next orders involve boundary layer corrections as well as kinetic correc-
tions in the bulk. We give in Section 4 a procedure to compute these terms and
show that they decay to zero exponentially in time. The main difficulty is the
control of the remainder R asymptotically in time. Starting from the technical
frame of [Ma], new techniques were introduced and developed in [AN1]-[AN4]
to prove also the bifurcation for the Taylor-Couette flow [AN1]. The extension
of this method to the present setting is not trivial. The added difficulties in
comparison with the Taylor-Couette problem are the force term and the diffuse
reflection boundary conditions which require a number of additional ideas in the
proofs. The result is summarized in the following main theorem.

Theorem 1.1 Assume that the gravitational force is small enough. Assume that
the perturbation at time zero depends only on z. More, assume that the initial
perturbation matches the expansion up to order e* (as detailed in Section 4 below).
Then there exists a steady solution Fy in L3, for the Boltzmann equation in the
slab with exterior gravitational force field. Here M 1is the standard Mazwellian.
This solution is stable. The stability is uniform in € for e < g small enough.

Here, stable means that the perturbation vanishes asymptotically in time. In the
context, it follows from

+00
/ / |D(t, 2,v) P M dtdzdv < oo |
0 (—d,d) JR?

which is proved in Section 5. We remark that the method presented here strongly
relies on the fact that the problem we are dealing with has suitable stability
properties at the fluid dynamic level, which we show to be preserved in the
kinetic setup by means of a perturbative analysis starting from an Hilbert-type
asymptotic expansion plus boundary layer corrections. The preservation of the
fluid dynamic stability at kinetic level also occurs in the Taylor-Couette case
discussed in [AN1], where the bifurcation phenomenon also arises. Our approach
can, in particular, be extended to prove the stability of the purely conductive
solution for 3d initial perturbations as well as the stability of the roll solution
beyond and close to the critical Rayleigh number.

2 Asymptotic expansion for the stationary so-
lution.
In this section we recall the basic elements of the expansion for the stationary

purely conductive solution presented in [EML] for sake of completeness and in-
troduce the setup and the relevant notations.



The starting point is the stationary Boltzmann equation in a slab of width 2d
with diffusive boundary conditions

0,00 o
0z gavz

f(=d,v) = ]\7[_(21)/ Y |w, | f(=d,w)dw, v, >0,

Qf, f),

f(d,v) = M+(v)/ 9y w, f(d, w)dw, v, <0,

= 2

where M. (v) = 27rpT2 e ?Tx | with T, <T-.

Qe t) = [ o [ doBllo—ulrd + 7'~ fo = a0}

where h' k!, h, h, stand for h(z,v',t), h(z, V., t), h(z,v,t), h(z,vs,t) respectively,
Sy = {w € R? |w? = 1}, B is the differential cross section and v',v. are the incom-
ing velocities of a collision with outgoing velocities v, v, and impact parameter w.
We confine ourselves to the collision cross section B(w, V) = |V -w| corresponding
to hard spheres.

We put the equation in dimensionless form by using d , 7', and p as reference
length, reference temperature and reference density respectively. We use /1_ as
reference velocity. We also redefine the collision cross section to make explicit its
dependence on ¢y, the mean free path of the gas in equilibrium at temperature
T_ and density p. We get

of 1 oaf 1

Uz& - ﬁavz - gQ(fvf)v

f(=1,v) = M_(v)/ . |w, | f(=1,w)dw, v, >0,

f(1,v) = M+(v)/ w, f(1,w)dw, v, <0,
wz>0

2T 14 T, —T_

where F'r = T €= EO and 67 = +2T are the dimensionless parameters
g -
called Froude number, Knudsen number, and rescaled temperature difference
respectively. Moreover,
1 7J2 1 _L
—e 2, M,(v) = —————e 20421 (2.2)
27 27(1 4 267')?
The Rayleigh number, which is relevant at the hydrodynamical level, is defined
as (see [So])
160T

4= ——o
mFre?
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Since we will be interested in the behavior of the system in the vanishing e limit,
we rescale the Froude number and the difference temperature in such a way that

1 0T
the Rayleigh number is independent of €. Define G = Fr and \ = — Then
T
G16A
Ra = T
The rescaled Boltzmann equation is
ofe aff 1
3 — = —Q(f%, %), 2.
v —EG 5 _QUfF) (2.3)

F(=1,0) :M_(v)/ | L ujdu, >0,

F2(1,0) = M, (v) / w.f (1, w)dw, v, <0,
wz >0

v2
with M_ given in (2.2) and M, (v) = me_mﬁm.
A solution to this equation was constructed in [EML] by means of an € ex-
pansion. We refer to that paper for the detailed construction of the terms in the
expansions. Here, we report only the main results. We write the solution of (2.3)

in the form

5
fF=Mtef +> "f"+eR (2.4)
n=2

where M is the standard Maxwellian (M = (27)~*/2M_) and

f1=M<r+u-v+9|U‘22_3)>

with 7, u, 0 solutions of the Boussinesq equations. In the present setup the sta-
tionary solution reduces to

u=0, 0=AN1+2), r=—-(G+ M= (2.5)

The higher terms of the expansion f",n = 2,...,5, are decomposed into two
parts B, and b, representing the bulk and boundary layer corrections. The B,
have to satisfy forn =2,---,5

0:0.By_1 — GO, B,y = 2Q(M,B,) + > Q(B:, B;) (2.6)
i+j=n

where By = M and B; = f.
The boundary layer corrections relative to the wall z = 41, b, are chosen to
satisfy, for n = 2,...,5, the equations

abi %)
vt F zGiav = LFbE +2Q(AM, b, )x*
F(-G*+G7) —bi 2 Y 20086 + QU bE) + QT b)), (27)
2,7>1
i+j=n



where we have put
F =t 1F2), 2Fe€[0,2¢7 (2.8)

and
bE =0 =0, xt=1,x" =0, L =2Q(M*,.), M =M,

AM =M — M), MY = (1+er(1)M[(1+2Xxe)] Y2 .

The constant gravity force G has been decomposed into three parts: a bulk
part Gy and two boundary parts G* which are different from zero in the bulk
and near the walls respectively. Their definition is

G=G"+G"+G (2.9)

with G° and G* smooth functions such that for some § > 0

G, 1-6<z<1
+ _ ’ — —
G(Z)_{ 0, —1<z<1-20¢" (2.10)
N G, —-1<z<-1+46¢

G(Z)_{ 0, —1+2e<z<1

G, —-14+20e<z<1-20¢
0 _ ) = >~
G(z)_{ 0 d>1o5¢ . (211)

Note that GF(2%) is zero for 2% € [26,2e71].

We remark that, as discussed in [EML], we need to include the gravity in the
Milne problems (2.7), although it is of order 2, to fix the following difficulty: the
solution to the Milne problem cannot have bounded derivative with respect to v,
near the boundary, because it is discontinuous in v, at v, = 0 on the boundary.
If the gravity were not included in (2.7), one should keep in the expansion the
v,-derivative of the boundary layer corrections, which then would be singular at
the boundaries. Therefore we are forced to look at the Milne problem with a
force term along the direction orthogonal to the boundary. On the other hand
the results on [CEM] only apply to suitably decaying forces and this motivates
the splitting of G into G* + G~ + G°, with G° supported far away from the
boundary, so that the v,-derivative of the boundary layer corrections need to be
computed only far from the boundary where they are bounded. We also note
that most of our treatment works also for hard potentials. The only point where
we need the hard spheres assumption is to use the decay results in [CEM], which
were obtained only in the hard sphere case.

Finally the equation for the remainder is

0 0
UZ&R — €G8,UZ

1 .
R=_LR+ ;aﬂj(fﬂ, R)+eQ(R,R)+ A (2.12)
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where

LR=Q(M,R)+Q(R,M), J(h,g)=2Q(h,g)
and A is given by

0 0 0
—4 _ 0 —
e A= UZ_@ZBs+GaUZ(B4+EBs)+(G +G )avz

@+ Gty + b))+ S Qi fu) (213)

ov
z km>1
k+m>6

(b + b))+

We impose on the f7 the following boundary conditions:
e = M) [ jelfEudotne, s= L w0
w <0

filzv) = MA@/>JWU%&wmeﬁ@%z= 1w <0,
Z (2.14)

with the functions 7;;_(v) exponentially small in ¢! and such that

(o) = [ dvt(ope. =0,

specified by the expansion. Here and below we use the short notation (f) to
denote the integration on the velocities of a function f. Finally, we impose the
following conditions on R:

R(z,v) = M_(v)/ |w,|R(z,w)dw — 25"_37;6, z=-1, v, >0,
wz<0

n=2
5
R(z,v) = M+(U)/ |w, | R(z, w)dw — Zé"‘sy:[’e, z= 1, wv,<0.
wz>0 n=2

Set

B {11 X R® - R |f], = (/M(v)(/\f(z,v)wdz)%)é < 400} .

Theorem 2.1 [t is possible to uniquely determine functions f*, n = 1,...,5
satisfying the conditions (2.14). Moreover, for ¢ = 2,00

|M~1f™, < 4oo .



3 Linear estimates in the stationary case.

In this section we give the main relevant a priori estimates for the linearized
equation for the remainder R with a given source term D:

OR OR 1 L
_ - _ J J
v, gGﬁvZ . <£R+2 g e J(R, f7)) +D> (3.1)

7j=1

satisfying the boundary conditions (2.15).
We put R = Me*C¢GtUR .= MR. Then, since

ﬁ _ 9 —eG(z+1)] _
(vz % 5Gavz) [Me | =0, (3.2)

R has to solve the following boundary value problem:

—eG

* 0z ov, ¢

Efz+2jzlgﬂ'j(fz, ML) +D>, (3.3)

j=1

5
R(=1,0) :/ ol M () R(—1, w)dw — Ny ey o >0,
w,<0

n=2

R(Lo) =50 [ e Mo)R0 ) - 12 "t v <0,
Wz >

3 1 - N 1 - |
Lh = =L(MR), J(h,g) = —=J(Mh,Mg), D= —<D.
I (Mh) (h,g) 7 ( q) i

Note that, since the factor e <=+t does not depend on v, Lh = ﬁE(Mh) =

+L(Mh) = Lh. Remind that L = K — v with K a compact operator and v a
positive function of v which, in the case of the hard spheres cross section, satisfies
the estimate

w1+ [ol) < v(©) < (1 + o)) (3.4)

with 0 < vy < 1.

Recall that 1o = 1,91 = vy, g = vy, V3 = v,y = (v — 3) form an orthonor-

mal basis for the kernel of L in L3,(R?) = L*(R3, M dv) Introduce an orthogonal
splitting of functions f € L3,([—1,1] x R*) into f = fy + fL = Pf+ (I — P)f,
where f, is the non hydrodynamic part

/M(v)(l,v,vz)fl(z,v)dv =0

8



and the fluid dynamic part is given explicitly by

1 2
%(U - 3)7

fi(z,0) = fo(2) + fi(2)ve + fa(2)vy + fs(2)v: + fa(2)
with
/M%f 2 0)do = fol= /MQ/M 2 0)dv = fa(2),
/M¢1 2 ) = fi(z /M¢2 ) = folz /M%f ) = fo(2).

The relevant ingoing boundary space is

—{Filf 1= (/Z>OUZM(U) | f(=1,0) |2dv>% +

We have already introduced the space

Eq:— f|f\q /M /|fzv\qdz dv) <+oo}
We also need the space
WO (L1 x B®) = W™= {fiwvif € L' v 2Df € L,y f € L7},

where Df = vza— —eGg- aF — and the operator 7~ denotes the ingoing trace operator
on the set

T ={-1} x{v, >0} n{1} x {v, < 0}.
The first result of this section is an existence and uniqueness theorem for eq.
(3.3) with given indata for j; = 5 and with f/ € L* for j = 1,...5.

Lemma 3.1 Let V_%g € L1, F, € L, 2 < ¢ < 0o, be given. There exists a
unique solution F' € Wi~ to

OF oF 1 (- S
- — J —1rj
v, 5 5Gavz - (LF + 2 ]-Ezl e J(F, M~ f7) + g) , (3.5)

F(—-1,v) = F(-1,v), v, >0, F(1,v)= F(1,v), v, <O0.

Proof of Lemma 3.1. The proof of Lemma 3.1 follows the lines of [Ma], pp 68-70,
where G = 0. Notice first that the a priori estimates (3.9) and (3.10) below imply
uniqueness in L2. Then use the solution formula from the proof of Lemma 3.3

9



below, and consider the case when the asymptotic expansion My = Zi‘ e’ f7 with
e-orders up to 5, equals zero. Now UK is compact in L2 (e.g by first proving the
compactness of UE for EF := [ M Fdv and then using the splitting K = K'+ K"
from Lemma 3.3 below), so the L? case follows from Fredholm’s alternative. The
L> case then follows from (3.8), and the intermediate cases hold similarly. Fi-
nally the addition of the perturbation J (F,¢) does not change the result. [

A similar result holds in the case of diffuse reflection boundary conditions. The
following proof uses the method in [Ma] to extend results from given indata to
more general boundary data.

Let g¢ be such that

M 2 1
/vz>0 (ﬁt(v) - 1) v, M(v)dv < G € <eo

Lemma 3.2 Let € < gy and V_%g € L7, 2 < q < oo, be given. There ezists a
solution F € W1~ to

oF oOF 1
Vg, ~EGg, = o

5
LF+2) & J(F, M f7)) +g, (3.6)

J=1

F(—l,v):/ lw, | F(=1,w)M_(w)dw, v, >0,
w,<0

M
F(1,v) = —+(v)/ w, F(1,w)M(w)dw, v, <0.
M wz>0
Proof of Lemma 3.2. A proof of Lemma 3.2 in the case without .J and force
term can be found in [Ma]. First, there is uniqueness of the solution of (3.6) in
the case without J term. Indeed, if there were two solutions, multiplying the
equation satisfied by their difference F' by MF, integrating on (—1,1) x IR? and
using the spectral inequality would imply, for € small enough, that (I — P)F = 0.
Hence the fluid dynamic part of the difference PF and F' satisfy
oF oF
z q_ G =
v 0z © ov,
The solution A of the previous equation can be represented as
h(z,0) = h(—=1,v,, 0y, V12 +2eG(2 + 1)), v, < 0,02 +2eG(z + 1) < 4eG
h(z,v) = h(1,v,, vy, —/V2+2G (2 + 1) — 4eG, v, < 0,02 +2eG(z + 1) > 4eG,
h(z,0) = h(—=1,v,,v,, VU2 +2eG(2 + 1), v, > 0.

Then,

0.

F(-1,v) = F(-1,v;,vy,—v,), —2VeG <, <0,
F(-1,v) = F(1,vs,vy, —\/v? —4eG), v, < —2VeG,
F(l,v) = F(=1,v,,vy,\/0v?+4eG), v, >0.

10



But F is a fluid polynomial, so the preceeding three relations for the boundary
values together with the normalization condition give that

F(=1,v) =0, wv, >0,

so that F' is identically equal to zero. .
An existence proof in the case without the J term is as follows. Denote by V' the
solution operator for

OF OF 1-
- _ —-LF .
Ve g eG 2.~ + 9, (3.7)

F(=1,v) = F(—1,v), v, >0, F(1,v) = Fy(1,v), v, <O0.

V' can be split into
V =Vog + ViFy,

where Vj (resp. Vi) is the solution operator for (3.7) with F, = 0 (resp. g = 0).
The function F' = Vhg + Viy~ F solves (3.6) if and only if it solves the equation

Y~ F = Ry*(Vog + Viy™ F).

Here, v~ F (resp. vTF) denotes the trace of F' on the ingoing (resp. outgoing)
boundary

- = {(-1,v);v, >0} U{(1,v);v, < 0},
(resp. TT = {(=1,v);v. <0} U{(1,v);v, > 0}),

and R = Ry + Ry, where Ry (resp. Ry) is defined by

RyF(—1,v) = / F(-1,w)|w, | M_(w)dw, v, >0,
wz<0

RyF(1,v) = / F(l,w)w,M_(w)dw, v, <0,
wy>0

M
Ri(—1,v) = 0, v, <0, R F(l,v)= (MJF(U) — 1)/ F(l,w)w,M_(w)dw, v, <D0.
- wz>0

Write the operator V; as V; = UKV, + W, where L = K —v and U is the solution
operator of

0.2 (g) - 29 | Yy 9,

0z ov, € €
Ug(—1,v) =0, v, >0, Ug(l,v)=0, v, <0,

while W is the solution operator of

) D(W Fy)

1%
- ) — -WE, =
UV, G (W b) eG (%z + €W b 0,

WFb(—l,’U) = Fb(—l,v), v, > 0, WFb(l,’U) = Fb(l,v), v, < 0.

11



Let S (resp. PT) be the specular reflexion (resp. averaging) operator
SF(£1,v,,vy,v,) = F(£1,v,,v,, —0v,),
PTF(-1,v) = / F(-1,w) |w, | M_(w)dw, v, <0, PTF(-1,0)=0, v, >0
wz<0
PTF(1,v) = / F(l,w) | w, | M_(w)dw, v, >0, PYF(1,v)=0, v, <O0.

wy>0

Setting F* = S+~ F, the problem to be solved is equivalent to F* = BF* + Z 7,

where B is the sum of three terms B = By + B; + B, defined as

By, = SRyytTWSP™,
Bl = SR07+WS([ — P+) + SRl’}/—i_WS,
Bg = S(Ro + R1)7+UK‘/15,

and ZT = S(Ry+R1)yVyg. First, By is compact in L** = SL* since ByF ™ (—1,v)
(resp. BoF'T(1,v)) are linear combinations (with v-dependent given coefficients)
of

/ FH(1,w) | w. | M_(w)dw and/ F(1,w) | w. | M_(w)duw.
w,<0 wz>0

Then the operator B, is compact in L2t since vt UK is compact from L? into L2+
by its averaging construction. Finally, the operator I — B is invertible. Indeed
| By ||z2+< 1, so that for any Z* € L*" and any 3 € [0, 1], there is a unique f;
solution to (I — 3Bi)fy = Z*. Then,

I Bifg llee+<I| (I = PT)f5 llza+ + [ SRy [[pe+|] f5 g2+ -
It follows from fi" = BB fy + Z* that

(L =P f5 llees < 1T =P7)Bifg lleo+ + 1| Z7 [|12+
|| ([ — P+)SR1”Y+WSf3_ HL2+ + H zZt HL2+
< ISRy lpe+ |l f5 ez + {1 Z7 [l
And so,
I f5 le2e < Bifg lea+ + 11 Z7 N2+ < 2| SRy e+l 7 lzae +20 Z7 [[ze+ -
For ¢ < ¢, || SRy ||L2+< i, so that || f; ||L2+< 4 || Al ||L2+.

This proves that (I — B;)~" exists and is continuous. The Fredholm alternative
then proves the existence of F*. From here adding the small perturbation J,

12



the problem can be solved by a standard iterative procedure, and the result still
holds. [

Remark. By using the a priori estimates (5.20) in [EML] we can conclude
that, if A is small enough, then the solution is unique also including the term J.
By using Corollary 3.6 instead we have uniqueness for G small.

We shall use the rest of this section to obtain the already mentioned a priori
estimates for the linear problem (3.5) with force term. For the non-fluid-dynamic
part F| of the solution and for the comparison of the solution in different L9-
spaces, we may use explicit computations.

Lemma 3.3 For q =2, oo, let F' be a solution in W~ to (3.5). The following
estimate holds for small enough ¢ > 0;

| V3 F o< (| v 2g oo 4270 |V2F g+ | Fy |). (3.8)

Proof of Lemma 3.3. We first turn to the estimate (3.8) in the case where f7,j =
1,...,5, equal zero. If for some function H, F' is solution to
oF oF 1 1
m— — G — F=-H,
mev 0z c ov, + ay(v) €
F(-1,v)=0,v, >0, F(1,v)=0, v, <0,

then

1 0 1 (7
F(z,v) <= || H || / exp {—/ V(Vg, Uy, Uy — O’€)d0’} dt
€ S1 or 33 € Jo
v, —T7eG

1 0 1
= [ en{ g [ vl

10782

where
eGsy = v, — /2 +2eG(1+2), v, > —/2:G(1 — 2),
eGSy = v, + \/vg —2eG(1—2), v, <—+/2G(1 - 2).
Then,
1 0
o) <2 | H il [ e,
€ —o0
where
1 vz
U(T) - % v, —7EG V(UJH ,Uy’ T)dr.

13



Consequently,

1 0
F(%U)SV— ||H||oo/
0

—0o0

1

' (T)e"Ddr < — || H oo .
Yo

Denote by U.X the solution to

3} 9, 1
vzg(UeX) - 6Ga—vz(U€X) + gy(v)UgX =X,

U.X(~1,0) =0, v, >0, U.X(1,0)=0, v, <0.
A solution F to (3.5) with f/ = 0,5 = 1,..., 5, satisfies

oF oF 1 1
— — &G - F=
v 0z ¢ ov, + gu(v)
Split the kernel k of K into k,, = signk min(|k|,n) and the remaining part k — k,,,
and denote the corresponding operators by K’ and K”. The operator norm of
K — K' = K" tends to zero, and K is compact in L3,. It immediately follows
that F' can be written as

E(KF+g).

1
F==U. (K’UJK’F)) 2 F + Zog + Z5F,.
£

The K”-factor makes the operator norm of Z; in L® tend to zero (uniformly in
) when the cut-off n — oo. Also by straight forward computations

1 _1 1
(V3Zog S el v ig e, |VAZR, S| Byl

It remains the term U, (K 'U.(K'F )) The first U. is (uniformly in €) bounded in

L, so0 it is enough to consider K'U.K’. Setting EF(z) = [ F(z,v)M(v)dv, we
can estimate K'U.K’ by a cut-off dependent multiple of FU.E in the operator
norm. For fixed e the operator FU.FE is bounded from L? into L9 forp > d, ¢q=
0o, d>1,aswellasfor 1 <p<d, ¢q<dp(d—p)~t, d>1. Hered=1.
For the proof of this estimate of EUFE we follow [M Chapter 6]. First,

1

=

U.(K'UAK'F)) < < | BUH |,
€
where the norms are the relevant operator norms and

H(z) = (EF)(2).

Moreover,
EU.H(z) =
0 I ,eG
M(v) exp |\ ~— V(Vg, vy, v, — TeG)dT » H(2 4 sv, — s T)dsdv

< A(2),
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where

0
Az) = / (/ ] e H(z + sv, — s2§)ds)e_5”§dvz
= Al(Z) + AQ(Z) + Ag(Z),

0 Vol 2EG — 142
Ai(z) = < eH(z+ sv, — s —)ds)e 2% duv,,
v, <—4/2eG(1-2) 59 2

0 s 2€G 1,2
/ (/ e H(z+ sv, — s —)ds) e 2%dv,,
v >4/2eG(1—2) s1 2

0 vo 2 ZEG — 12
Asz(z) = ( ecH(z+sv, — s —)ds)e 2% du,.
v2<2eG(1-2) 1 2

o) = [ ([ ong-2 Sl
zZ) = Xp§ ———
’ v2>4/2eG(1-2) \J-1 € v, + /02 +2eG(z — 1)

dr 1,2 N
“2%dy, = H —r)dr,
") V24 2eG(z — r))e ! /—1 (")l = r)dr

x H (

if

1,2 .
6—§u 2svg

O
us>y/2:G(1—=2) Vu? + 2eGs

For any o > 0,

u2 2vgs

6_ e(ut+vVu2+2eGs)

1

e 2

Va? 1 2:Cs

o 2 a (g0

() e i /TG ()
Va1 2:Gs

S
ENY 4l —u —4/%
_)ualeue c.
S

IA

(VAN
o
—

Hence,
p2(s) < C(g)ae_*/ga 2 lg< ce?, ¢ > 1.
And so,
| Az ool H lgll 02 o< c=7 | H |l
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The terms A;(z) and Aj3(z) can be treated analogously. With this estimate of
EU.E and choosing the cut-off n large enough, (3.8) follows when f/ =0, j =
1,....,5. But My := Z‘;’ €/ f7 is of order ¢, and taking e small enough, it follows
that the addition of J (F, ) to g does not change the result in this part of the
proof, neither does the addition of a fluid component to g. [

Next lemma provides a priori L? estimates of the hydrodynamic component
of I, F}, as well as the non fluidodynamic part, F';. Analogous estimates are
proved in [EML)] for diffusive boundary conditions. We give here the proof in the
case of given indata for sake of completeness.

Lemma 3.4 Let g = g|+g., and let ' be a solution in W?~ to (3.5). Fore >0
and small enough,

1
(AR B e v b +VE L B4 g b +ed Bl (39)

Moreover, for X small enough,
| F) \2<C(—|V 21 |2 + \[\gn 2+ [ By |~). (3.10)

Proof of Lemma 3.4. We first prove the estimate (3.9) when ¢ = 0. Consider
the mapping from v=2 L9 x L* into Wi~ given by (g, Fy) — F, with F' a solution
to (3.5) for o = 0 and g = g,. We multiply (3.5) by M and integrate over space
and velocity. Then, identity (3.2), Green’s formula and the spectral inequality
for the linearized collision operator L, i.e.

—/Mfodec/MVfidv,
give
e|SF 2+ |viF 3<c|v g B+e| B 2

The inclusion of J(F,¢) as well a fluid component to g, adds ce | v2F| |2,
which is incorporated in the left hand side together with a term 6% | g |3, and a
term cA?¢? | F [3. This concludes the proof of (3.9). As a by-product, we have
also the following estimate for | SF' |

| SF |.<c gy 2 +Me | By 2| + | By |~ (3.11)

\/"V gl|2+\/*

We start the proof of (3.10) by estimating F,. Multiplying the equation (3.5)

by M and integrating over R2, leads to
OF, _ 9%

0z

1e
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F,(2) = F(—1)e“EHD) 4 / 0 geGle=9) g, (3.12)

1 €

By definition of F,(—1),
(R0 = | [eF-1omd |
< c(/ v, | F2(—1,U)Mdv>§ <c(| SF|o+ | F o).

And so by (3.12) with || . |2 denoting the L*-norm in space

1
I o< e(Z W go Iz + [ SE |~ + | Fy |)- (3.13)

To bound the hydrodynamical part of F', we multiply (3.5) by Mu,;, i #+2
and integrate over [—1, z] x R?.
Denoting p;(z) =< v*¢;MF >,i=0,...,4, we get

0 F+g].

z 5 1r- .o
) — / - 7 —1 pj 2
pi(2) = pil 1)+/_1dz /devz¢Z€[LF+Zg TP ) 4 G

i=1

As before, we have
(=Dl <c|SF|.+[F . .

The relation between p; and the components Fj, i # 3, of the fluid dynamic part
of Fis
pi =Y AyFi+ < MvXyi > Fdis+ < Mu2y,FL >
i#3
with A =< Mv?i;1; > a non-singular bounded matrix. By inverting the previous
relation we get

FZ(Z) = ZAz_jl [pj— < MU?¢§ > F35j3—|— < M’UgijJ_ > |.
i#3
This allows to estimate F; and hence F) as
1 1
[y < C[ZIVPFL L +2 Lgl +A | B 2 | el SF I+ | R ., (3.14)
so that for A\ small enough we get

1 1
[y < Ol VPP L+ gl | +el SFLL+|Fl..  (3.15)
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Finally, by using (3.11) we get

| B < C[L 1R 1 + + 1 Fp e

\/—|9|| |

Note that the only point where we need A small is to pass from (3.14) to (3.15).
O

We give now a new stronger estimate for the hydrodynamic part of the solution
which is true under the assumption of small GG, instead of small A\. The proof
requires a careful analysis of suitable moments of higher orders.

Lemma 3.5 Let g = g+ g1, and let F be a solution in W*~ to (3.5). Fore >0
and G small enough

1 1 1 1
|y le<cl=lv2grlo+Z gl +—= [ F e + [ FL2) (3.16)
€ € Ve

Proof of Lemma 3.5. Define

fuiyizn(2) /Mvw Uyv VL (z,0)dv, i+ G+ k> 2,

and fx@ygzm( 2), fuiyizna(2), faigirnp(2) correspondingly, when there is an extra
factor | v |, A, resp. B in the integrand.
Here A and B are non-hydrodynamic solutions to

L(v,A) = v,(v* = 5T), L(v,v.B) = v,0..

The estimate for the F,-moment is given by (3.13).
We next consider the F,-moment. Here the J(F, )-term requires some care.
The first step is an estimate of F,. Multiply (3.5) by Mwv, and integrate,

0 g

P G ; (3.17)

A multiplication of (3.5) with v,v,BM and integration over IR? leads for some
real v to

8(an + FZBZQB)
0z

1 .
= - (Fm + Gurs +2/UvaBJ(F, @)Mdv) +eGp,

+ EGV(O‘FE + FxﬂB)

where a < 0, and [ is a multiple of a non-hydrodynamic moment of F. Notice
that the definition of B implies that [ Mwv,v,BJ(F|, M~ f') is zero. This is
crucial for not getting a term X | Fj |, in the final estimate.

18



Set Fyy = aF, + F, 25 = /U?UmBFMdU. Then

OF,
0z

.1 _ .
s = (Fm + 9.5+ 2/vmszJ(F, @)Mdv) + eGp.

The last equation together with the equation satisfied by F,,, (3.17), give

0 - - E? 1 _ .
FooFy) + €G(y + D) o By = =2 + Fl, [E(gmg + 2/'vazB<](FJ_>Q0)MdU)

&( xz xz €
+eGp| + 2

Integrating over z € [—1, 1] the previous equation we get an estimate for the L?
FZ‘Z .
norm of —=. For an arbitrary n > 0

NG

I Fee |3
€

<N (Foe B) (D] + [(FoaF2) (1) + ¢ Fae ]| F |l

ol B o[l gaus s+ c2l V3FL o G | i+ | Fla | + =l gn [l B
< FeE) )]+ [(Fee ) (D) + el e [ + gl g 11

+ 2 gy ey | VAR B AL | Fua |3 46, | FY 13

And so an estimate of F, can be obtained,

~ 1 1 1
[ Fell < e(0l v 3gn o+ Il B ) + B (=Dl | VA FL |2 4| £ 2 )
1

2LVl Bl e

IA

1 1 1
C(; | v"2g) |2+ |v2F, |2> |2+ €| Fj |2]

\[II Ja

+C%[ |1 |+ ] Fa(1) ] (3.18)

Now we have to estimate the boundary terms F,(+1) and F,.(+1). We cannot
use directly (3.11) because this estimate depends on A\/e | Fj |2 . We do instead

the following: Multiply (3.5) by M(1+ | v |?) and integrate,

0 1
a—F(H\U\ + €GFiqjo2)0. = 290+ ~ 2¢GF..

It follows that

| F(=1,v)v,u,Mdv | + | F(1,v)vzv,Mdv |

v, <0 v >0
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< /Fm(H [0 [2) | v, | Mdo
1
<l | Rt [0 P) | oe | Mo+ 2 | gl +6G | P o)
1
§C|Fb|~+z|g|| lo +eG | SF |~

1 1 &
Sclfylv 2l le +eveG|vT2g, |2+€G{—|9|| 2 +AVE | F 2] -

eve
We have used (3.13) to get the third inequality and (3.11) to get the last one. The
same estimate holds for | F(—=1,v)v,02Mdv | + | F(1,v)v,v*Mdv |. By
v2<0 v2>0

replacing in (3.18) we get

| B s e 1AL+ 0730 s 4l gy 1o+

\[IFb\~+n|F||I2>(-

3.19)
The result and proof for F), is analogous.
A multiplication of (3.5) with v, M and integration over R? leads to

Q/Mngdv—eG/sza—de = 1/]\ﬁjzgalv (3.20)
0z ov, €

. . 2F,
i.e. with Fyy = Fy + —= \/6 + F,2 —/ngMdv,

And so

~ 1
1o lla< e I gz Mz +ell Fo ll2 + [ SE |~ + | Fy |)- (3.21)

A multiplication of (3.5) with v,AM and integration over R? leads to

8fU2AFMdU B
0z

eG/ ’ade = 1/UZA(LF+g+J(go,F))Mdv,
€

1 _
or with v = — [ v, Av,(v? — 3)Mdv < 0,
\/6/

) | - /
&(7F4 + Fz2A> = E(sz(v2—5) + 9.4+ /UZA'](SOv F)Md’(]) + EGﬁ )
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where 3’ is a moment of F. With the notation Fy = vFy + F.o4 this can be
written as
oF, 1 .
8—24 = E(sz(v2_5) + g.A + /UZAJ(QO, F)Mdv) + EGﬁl.
sz (v2-5)
€

Here a second step is an estimate of . Multiply (3.5) with M(v? — 5)

and integrate,

0 g(v —5)
%sz(’lﬂ 5) —

)y eGB,

where (3 is a moment of F. The last two equatlons together give

9.4+ €EGH

0 ~ Fv2 (v2—5) F, (v2—5)
_ Fv U _ F — z z (
82( <025 F4) € + €

+ / v AJ(p, F)Mdv) g(” Dy + eGRE,.  (3.22)
To evaluate the left hand side, again a boundary estimate is needed,

| F(=1,v)(v* = 5)v,Mdv | + | F(1,v)(v* = 5)v,Mdv |

Uz<0 ’l)z>0
§5/F°“t(1+|v|2)|vZ|Mdv§c</Fb(1+|v|2)|vz|Mdv

U2
+M+EG I Fo o).

It is easy to realize that we have the same situation as for the estimate of F, but
for the term eGGF, in (3.22), which gives a term vGe | Fj |2 in the bound for
” sz(v2—5) ||2

Je

| Fullos e 103FL b+ v g0 b5l o+

. Hence,

meu+ﬂﬂﬂb)
(3.23)

To conclude the proof of the Lemma it is enough to collect all the estimates to-
gether, use (3.9) and take G small enough. [J

We conclude this section by noticing that Lemma 3.4 and Lemma 3.5 imply

Corollary 3.6 Let g = g + g1, and let F be a solution in W*~ to (3.5). For
€ > 0 and G small enough,

1 1 1 1
Fylo<ce(—|v2 — — | Fp |~ 3.24
B ke v ik +g Lol +— | Bl (3.24)

1 _1 1
VAP < el v 2gr b +VE | Byl = 1 gy l2) (3.25)
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As for the existence of the stationary solution Fj, its asymptotic expansion
was discussed in Section 2, and the rest term is obtained by using the above
estimates as in [Mal, pp70-72, 99-105, using Maslova’s mapping from the diffuse
reflection case to the given indata case, also adapting from the force-free case of
[Ma] to the present case with a force term. That analysis is similar in spirit to
the time dependent case as treated in the following sections. Hence, we will not
give the explicit proof for the control of the remainder. We notice that for hard
spheres the solution F§ constructed in this way is positive. That can be proved in
the same way as the corresponding positivity in the Taylor-Couette case [AN2].
In conclusion, we can state

Theorem 3.7 Put

23
fr=M(r+==0)
with v and 0 the thermal conduction solution of the Boussinesq equations corre-
sponding to the temperatures T_ =1 and Ty = (1 + 2e), given by (2.5).

Then there are Go > 0 and €9 > 0 such that, if G < Gg and € < &g, there

exists in LN L™ a positive stationary solution f to the boundary value problem
(2.3) such that

M (- efh)| < ce

[e.9]

4 Stability: the expansion.

We study in this section the behavior in time of a small perturbation to the
stationary solution F constructed in the previous sections.
Consider the Boltzmann equation

oF 1 0 oF 1
5"‘2%@ _G8UZ_€_2Q(F7F>7

F(O,Z,U) = FS(Z7U)+C0(Z7U)7 KAS (_171)7 v €R37
F(t,—1,v) = M_(v)/ |w,|F(t,—1,w)dw, t >0, v, >0,
w,<0

F(t,1,v) = M+(v)/ w,F(t,1,w)dw, t >0, v, <0,
wz>0

where
M o= L% M) 1 oy
= — = — € €
or 7 Y T o 2e0)2

and (p is the initial perturbation of Fj, discussed below.
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As seen in the previous sections, the stationary solution can be written as F, =
M + ®,. The function ( = F — F; is then a solution to

0( 0( 1
ot G = @lLcrecorce)). @y
C(Oa Z>'U) - CO(Z>'U)’ z € (_1> 1)a v e ]Rsa
C(t,—1,v) = M_ |w,|((t, =1, w)dw, t >0, v, >0,
w,<0

C(t,1,v) = M+(v)/ w,((t, 1, w)dw, t >0v, <0 .
wz>0

The following initial perturbations ((0, z,v) = (o(z,v) are considered,

Zé"@ (0,2,v) + €ps (4.2)

where the measurable function ps(z,v) may depend on € and satisfies

1
2
| P5 [Jco,2:= sup (/( sup pg(z,v))Mdv) <e,

e>0 —1<2<1

for some ¢. The non hydrodynamical part of the functions ®™(0, z,v) is deter-
mined by the expansion as explalned below together with part of the hydrody-
namical part. We will denote by I (t, z) the coefficients of the functions 1); in
the hydrodynamic part of ®™ (¢, z, v). The functions Ii(")(t, z) are not completely
arbitrary. There are constraints due to the expansion rules that will be given later
on in this section. For example, we require ]él) = 0 for compatibility with the
impermeability boundary condition. Finally, we require

/ Co(z,v)(v)dzdv =0, i=0,...,4.
[—1,1]xR3

Since the Boltzmann equation conserves total mass, momentum and energy at
any positive time the solution has to satisfy f[_l 1) xES3 C(t, z,v)(v)dvdz = 0.
We write an e-expansion for ¢ in the form

5

C(t,z,v) = Z O (t, 2, v)e" + eR(t, 2,v)

n=1

We proceed as in Section 2 in building up all the terms of the expansions. For
the proof of the stability we need to show that ® (¢, z, v) converge to zero when
time tends to infinity in a suitable norm. To this end, we will construct explicitly
only the first terms of the expansions. The behavior of the higher order terms
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will then be evident from this analysis.

If we use the expansion in (4.1) we see immediately that ®() has to satisfy
LW =,

so that ®1) has to be in Null £, which means that it is a combination of the
collision invariants M1;,7 =0, ...,4. Hence we have

(I)(l) — M(pl ‘l‘ul 'U+T1‘U|22_ 3) ’
so that p! = Iél), ul = [i(l),i =1,2,3 T!'= %L&l). We notice that the
boundary conditions force u'(—1,t) = u'(1,¢) = 0, T*(=1,t) = 0 = T(1,t) for
any t > 0. In consequence, we do not need boundary layer correction to the first
order in €. Indeed, in z = —1 the solution is already Maxwellian. On the other
hand, M +e®® | when evaluated for z = 1 is not proportional to the Maxwellian
M, even with the previous assumptions, but differs from it for terms of order £2
which will appear in the corrections of higher order. Hence, for n > 1 we have
to decompose the higher order corrections in a bulk term B™ and two boundary
layer terms bg’; ).

To determine the functions p', u! and T which give @) (= BW), we consider
the equation that we get by equating the terms of next order. Note that we know
from the previous sectlons that the stationary solution can also be expanded in
¢ and we denote by ®{" the terms of this expansion. The equation which we get
at next order, by ignoring boundary layer corrections, is

Uzag@(l) - (£B<2> + Q@M oMWY 4 27(0W), <I>g1>)) (4.3)
Z

It can be seen as an equation in B®, whose solvability conditions are
(1h0,0,8M) =0, i=0,---,4
where (-) stands for integration over the velocities. This is equivalent to
d.ul =0, 0.(T" + p') = 0. (4.4)

The first equation in (4.4) is the usual incompressibility condition in d = 1 which
implies, together with the boundary conditions, u! = 0, while the second equation
in (4.4) is the Boussinesq condition. The Boussinesq condition fixes p! = —T*,
up to a constant. To determine 7' and the other components of u' we look at
the solvability condition at next order in €. Indeed, once (4.4) are satisfied, we
can deduce from (4.3) the following expression for B®), where £~' denotes the
inverse of the restriction of £ to the orthogonal of its null space

B® _ -1 [vﬁﬂ)“’—@(@(” Dy —2Q(@M, o) ]+MZ¢Z IP(t,2) . (4.5)
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The coefficients ]}2) are undetermined at this point and will be partly fixed by
the solvability condition for the equation at next order in € and the rest of them
in some later step:

0 0 0

—BW4y,—BP+G—BW = £B® 12 7(®® oM 127(d? &MY r27(dM o>
gi B v BYHG o BY = £LBO127(09, 01) 427 (0, )12, 0()
(4.6)
The solvability conditions for this equation are
0 0 0
i_B(l) Z_B(2) BOY = i =0.---.4 4.
(¢ [8t + a5 +G8vz =0, i=0,---, (4.7)

and this produces the equations for u! and T". Let us fix i = 1,2,3 in (4.7).
Then the first term gives the time derivative of u!. The third one reduces to 0
for i = 1,2 and to —Gp! for i = 3, after integrating by parts. Finally we write

v? v?
(e vB®) = (vev— IB®) +(F1B%) .
The first term, as is well known, gives rise to the dissipative and transport terms,
while the second one can be interpreted as the second order correction to the
pressure P,. The result is

2

%u} = V%u}, 1=1,2,
where v > 0 is the usual kinematic viscosity coefficient. We remark that the term
due to Q(®MW, @gl)) in (4.5), which in general produces the transport along the
stationary flow, does not contribute in this case because the stationary velocity
field in the z direction, <UZ<I>§1)), vanishes. Using the Boussinesq condition we
replace the term Gp' by —GT"' + const. The constant can be absorbed in the

pressure term that we rename p. Since ul = 0 we are left with

9 1
5.7 = GT .
This determines p in terms of 7" up to a constant.

Remark. There are constants (one coming from the Boussinesq condition,
another from the pressure condition) at any order which will be determined in
the end by the total mass condition. Since we are asking that the total mass of
the perturbation is zero we can put to zero all the constants.

To get the equation for the temperature, one has to look at (4.7) for i = 4. It
is actually more convenient to replace v, with the equivalent v, = %(zﬂ —5).
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An integration by parts yields

~ 0 B P
G<¢48UZ f1> = —UZG =0,

while a7
B®Y =
<U'¢4 > R (92 3

with & > 0 the thermal conductivity. In conclusion,

2
?ﬁTl = k@_
20t 02?2
This equation has to be solved with boundary conditions T%(+1,t) = 0, for ¢t > 0
and initial condition 7, which is completely arbitrary. Since f_ll dzT)(z) = 0,
standard results on the heat equation imply that the L?-norms of the solution
T'(z,t) and of its derivatives converge to zero exponentially in time. Also the
components of the velocity u}, i = 1,2, solve similar parabolic equations with
boundary conditions u} = 0 and initial condition (u});, which are again arbitrary.
Since T" differs from p' for a constant, that can be put to zero, and u! is identi-
cally zero, we can conclude that also ) converges to zero exponentially in time
together with its spatial derivatives.
The second order term in the expansion, ®®, is not yet completely deter-
mined. Equation (4.7) with ¢ = 0 gives

T .

a . 0

_ Y97
o’ T 9z

This fixes ]§2) up to a constant. Moreover, a combination of Iéz) and [ f) con-
tributes to the pressure p which is determined by the previous equations, so that
these parameters are not independent.

The non-hydrodynamic part of B® is a linear function of the derivatives of
pt,T* which are in general different from zero on the boundaries. Therefore the
non hydrodynamical part of B® is completely fixed (even a time = 0) and violates
the boundary conditions. We need to introduce bi_f’ to adjust the boundary
conditions by compensating the non hydrodynamical (part of B® which is not
Maxwellian. We explain how to find the correction »®. The correction bf) is
found in a similar way. The notation is the one introduced in Section 2. We
choose b by solving, for any t > 0, the Milne problem for 2= > 0:

0 ;)
Vg sh— G 5

h=L"h, (v.h)=0, (4.8)

with z~ defined in (2.8) as the rescaled z variable near the bottom plate and G~
defined by (2.11). We impose the boundary condition in z~ = 0 in such a way
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that the incoming flux of h in 2 = —1, v, > 0 is given by (I — P)B®@(~1,v;t).
The results in [CEM] tell us that the solution approaches, as 2~ — 400 a function

of the vanishing mass flux condition in the direction of the z axis (v,h) = 0. Thus

q(_2 ) (v,t) in Null £~. Note that in q(2) there is no term proportional to )3 because

we set b(_z)(z,v,t) = h(z,v,t) — q? (v,t), which will go to zero at infinity expo-
nentially in z~. This produces a term b(_2)(25_1,v,t) = 75.(v,t), exponentially
small in e~! on the opposite boundary. The resulting term in the expansion is
thus &2 = B® + bf) + 5@ and is such that in z = —1, for example, it has zero
non hydrodynamic part, while the hydrodynamic part is

@ (—1,u;1) 21(2 M(v)hi(v) + 02 (2 0,t) —¢®, 0. >0, >0

We are not yet done since ®?)(—1,v) is not Maxwellian for v, > 0, (as it should,
in order to satisfy the boundary conditions) because of the presence of terms pro-
portional to ¢;, i = 1,2,4 in q ) and b (25_1; t). The latter is not important and
will be put in the remamder. The former will be compensated by the coefficients
Ii(Q), 1 # 0,3, that can be chosen arbitrarily on the boundaries. To satisfy the
impermeability conditions we have to choose I. 352)
we get

= 0 on the boundaries. Finally

OO (1,0, 2 0;t) = af My + 5., ag = I (x1) — (¢(0)),

where fyzjfa are terms exponentially small in

The coefficients Ii(z),z' = 1,2, 4 of the hydrodynamical part of B® are deter-
mined by the compatibility condition for the equation at next order in ¢:

0 0
<¢2[ +Uzaz _'_Ga’UZB ]>—0
where 9 9 5
B® — -1 Zpl® B® oM —_ o7 B
c [81& tog B+ G J(@W, B®)

4
—2J(®W), B®) — 2700, BS))} + MY 1
=0

together with the b. c. IZ-@) = (q(_z))i, ¢ = 1,2,4. Then 152) is found up to
a constant that is chosen so that the total mass associated to ®® vanishes.
Proceeding as in the determination of the Boussinesq equation, we find now a set
of three linear time-dependent non-homogeneous Stokes equations for [}2). The
non-homogeneous terms depend on the third order spatial derivatives of &),
General theorems for the Stokes equation assures the existence of a solution for

the chosen boundary vanishing exponentially in time.
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Once B? is completely determined, the last equation gives the non-hydrodyna-
mical part of B®. As before, we introduce the terms bg:’) to compensate (I —
P)B® on the boundaries z = 1. The term bf ) is found as a solution of a Milne
problem with a source term, which depends on the previous boundary corrections
bf) and ®1). The procedure can be continued to any order.

We notice that (I — P)®™ at time zero are not arbitrary, since they depend
on ®™1) and its derivatives. We can instead assign at time zero Ii("),i =1,2,4.
Notice that the rest term R at time zero is of order €. By using the results
in [CEM] and the exponential decay in time of ®™ we can state the following
theorem

Theorem 4.1 Assume that at time zero, for some s suitable large

S

0zs

| M=—TI(0,2) ||2< 00, i=1,2,4, n=1,...4.

Then, it is possible to determine the functions ®™, n =2, ....5 in the asymptotic
expansion (4.2) including the boundary conditions

dM(t, —1,v) = M_(v)/ |w,|@™ (¢, -1, w)dw + 7, ., t >0, v, >0,

wy<0

O™ (¢, 1,v) = M+(v)/ lw.| ™ (t,1,w)dw + e >0, v, <0,

wz >0

the normalization condition
/ dvdz®™ = 0
R3x[—1,1]

| @™ [lg22< 00, || @M ||og 02< 00 .

and

Here,

o= ([ [ [ ez mParasdzan)’

| f lloo,002= sup (/R sup |f(t, z7v)‘2M(U)dU)% |

0 3 ze[-1,1]

5 Stability: the remainder.

We shall now construct the rest term R = MR for M 5 = ¢ and prove that
+o0 B
/ / |R(t, z,v)|>M (v)dtdzdv < c.
0 [1,1] JR3
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This in turn implies the L?-convergence to zero of R(.,.,t) when time tends to
infinity.

The rest term R satisfies the following problem,

OR 1 OR OR 1 -- 1~ - - 2 __
N + “Usgo = Ga—vz = ?LR + ;Q(R, R) + gH(R) + a, (5.1)

R(O> 2 U) = RO(Z>'U) = €4p5(2,'U),
R(t,~1,0) = / (R(t, “1w) 4 M) | M_dw — 2i5(t, —1,0), (5.2)
w,<0 € €

t>0,v, >0,
_ - b(t, 1 1-
R(t7 1’ U) = M_l(U)M+(U)/ (R(ta ]_,'LU) + M) szdw - _w(t7 1a U)>
wz>0 € €
t>0,v,<0.

where @(R, R) = ﬁQ(MR, MR) Here 1(t, £1,v) are the terms exponentially
small in € coming from the expansions and
1. - - -

=-J(R,®+ D),

€
with M® = 22:1 dMen. Below from H, we shall in particular consider the
influence of the first order terms of ® + ®, which will be denoted eiy;. The
function a contains all terms fully coming from the asymptotic expansion. It
is of fourth order in € non-hydrodynamically and fifth order hydrodynamically.
Uniformly in € its terms converge to zero when time tends to infinity.

The following norms will be used

H(R)

o= ([ [ [ 16, 0ppdsazan)’,
£ laamsin ([ [ 1 opa@as)’,
15 e sup ([ su (f6 0 M 0)0)',

>0 3 ze[-1,1]

H f ||2t,2w: </Ot /UZ>OUZM(U) ‘ f(S,—l,U) ‘2 dvd(‘s)% n
(/Ot/v - | v | M(v) | f(s,1,0) |” dvds)é < 400,

1

I £ o= (sup [ wdt) | 5t =1,0) o) +
t>0 Ju,>0
1

<sup/ v, | M(v) | f(t,1,0)]? alv)§ < +o0.
v2<0

t>0
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Some of the a priori bounds for R will follow from dual solutions to a linear prob-
lem (in the rescaled time variable 7 = ¢~'¢) discussed in the following lemma.

Lemma 5.1 Let p(7,z,v) be solution to

Op Op Op

1~ ~
E + Uz& - 8vz = ELQD + g — J(¢11780)> (53)

with initial value and boundary indata equal zero. Then for G small enough,

| A= P)g laaz < cellv i - P)gr|222+||Pg||222) (5.4)
| Polloze < (v 30~ Plglhos+2 | Py sz ). (55)
| ¢ lleze < e(VEIv (I = P)g ||222+\[|| Pg 223 ), (5.6)

7 lae < e(VEIVEU=Phg oz +— | P a2z ). 67)
Proof of Lemma 5.1. The methods from [Ma] (a variant of [Ma] Scn 7.5 ) may
be adapted to the present setting with a force term, to obtain the existence of a
solution to (5.3).

For a first a priori estimate, multiply (5.3) by ¢ and integrate the resulting
equation on [0, 7] x [—1,1] x R3. That leads to

1 1
| o H T 22 T | S H2T2~ - || 1/2(I—P)<p H3T22

<cle| v 2(] P)g H2T22 +m || Pe ||2T22+ || Pg ||2T22) (5.8)

Let 3 be a truncation function belonging to C'(R) with support (0, +00), and
such that 5(7) = 1 for 7 > §; for some d; > 0. Let ¢ = 3. Then

95 1. 9 9

97~ Lo vg O

P+ 652 4 g8~ T e)s (59

We shall now consider the equation for the Fourier transform in time of ¢, which
looks like the stationary problem of section 3. Let F be the Fourier transform in
7 with Fourier variable o, and write ® = F¢. In Fourier space (5.9) becomes

0 )<I>+.7:(<pa—/6

—i0® = (li—vzgjLeG o
=

€ Oz ov. )+ F((g— j(wn, ©)pB).  (5.10)
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We now estimate the fluid moments of ® one by one, using their particular
couplings to other moments. Our approach will be an elaboration of the one in
Lemma 3.5. Define

Dapigi 2 2—/MU v”vzapL v)dv, i+j+k>2,

and Qgiyizke (Paiyizk A, Paiyikp) correspondingly when there is an extra factor
| v |2 (A resp. B) in the integrand.

For | o |< 0g, 09 > 0 sufficiently small, and using the z-derivative to express
the moments, the steps of Lemma 3.5 can be followed without change at the end
including an integration in time. The two terms —io® and F go 5 do not cause
additional complications. With x,,(c) denoting the Characterlstlc function for
the interval [—oy, 0¢], this leads to

| Xaoq>|| ||222< c(|| v~ 29i ||222 + || g ||222 +00 || XJO(I)H ||222) (5.11)

We illustrate on the v,-moment. Multiplying the equation with M and integrating
over R3, leads to &= — eGP, = F(gof) + f(goo%) +i0®y, i.e.

z

D.(2) = ,(—1)eCH +/ (F(g0B) + F(po gﬂ) + 90 ®g)e =) s,

-1

By definition of ®,(—1),
| &.(—1) |=| /vzq)(—l,v)Mdv |
c(/ v, | <I>2(—1,U)Mdv>§ <c| S8 o .

And so

I Xo0 @2 [12< eIl F(g08) [I2 + | S |3 +00 || @0 [I3)

1 z
+/ dz[/ f(cpog—ﬁ)ézeeG(z_s)ds],
-1 -1 T

thus in the limit §; — +0, T — oo,

I X0 @z 1525 el 908 2.2 + | S 520 +00 || Xou®o [I22)-

The term which is new with respect to the proof of Lemma 3.4 is the last one
and has a small factor ¢ in front. In the other estimates we have always the same
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structure and in the end we get (5.11). Remember that in the proof of Lemma
3.4 one of the terms required the condition G small. Hence, in the end we get for
oo and G small enough

| Xoo | ||222 c(|] v~ QQL ||222 ‘l' || 9] ||222 . (5.12)

For ¢ > o0y we use a different approach. We multiply by suitable functions
and integrate over v in such a way that the o®-term gives moments of ® and
then we estimate these moments by means of the other terms in the equation. We
start' with the &g + %CIM and ®, moments. Multiply (5.10) with M (v + %W)
and integrate,

aa(gq) +3(I)vz(v2 5)——iU(I)Z2—|—€G6/

p % p

Here (3 is a moment of ®. The projection along v, of (5.10) gives

2
—’iU((I)O + %(1)4 + (I)Zz)

50 2 —io
g&(@g + %@4 + q)ZQ) — T(I)vz(vz—f)) ‘l— EGﬁ”
0

B

. D 1
_ZO'(§¢Z ‘l‘ §®02(02—5)) —l—

+5 F(g.0) + f'(soz

X 9,

where 3”7 is a moment of ®. These two equations together give

o ? a\2 b\2 §g a b _ s ? a - b
(@) + (@) 4+ 2508 = o (2 Ba(8) 4 10, 5)(2))

FOOT @) + (@) o (F (gzﬁ) + Flpa ) (@)

3
HFOat o)+ [ FG0+ TvoMa) F@)

where &% := &5 + = <I>4 + .2 and O := 5<I> + <I>U (w>—5)- We conclude that

1

e 3 + 1@ |3

< sl u%u PIRIEGT | ® B+ 7o )
5
([ PG+ oM @) + SF (eSO

1 1
Now we consider (1 — x4, )(®* + ®°), so that we work in a region — < —. Thus
o (o)

: - = .. 0 .
in the limit 6; — 40, T — oo, the terms containing a—ﬁ go to zero for any finite
T
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oo and we get, uniformly in oy,

5 2 5 1
(1 = Xou) (5 (®0 + Tt =2) 32 + I (1= Xoo) (5P + 3Pu2-5)) 52

1
(| SO 300 + | V2 (I = P)® [[555 +€°G* | @ [520 + || Foy I522)-  (5.13)

The projection along v,v, B gives,

_Zo-@SCZB + @(aq)x + (I)xz2B) + EGO/(a@SL‘ + ®ZCZZB) = B + f(gxzéﬁ)

+€Gﬁ/ + f (/ _'vasz(wlb SO)MdUﬁ + QP%/@) )

where o < 0 and ' is a non-hydrodynamic moment of ®. A projection along v,
gives

0 G 0
—’éU(O((I)x _I— ®:cz23) + a&q)l‘z + %q)xz = _iaq)xzzé + af(gxﬁ + @x%/@) .

The last two equations together give

0
—T;O'(Oé(I)mZB(I)xZ +(a(I)I + (I)mz2B)2) + oz@((l)m(aq)x + (I)szB))
2

1 P
—|—Oé€G(O/ + §)®$Z(aq)$ + (I)mz2B) =0 :Z + aq)xz(f(gngﬂ) + €Gﬁ/)

0
_'_f(agwﬂ + Yz %ﬁ) (Oé(I)m + (I)mz2B) - iU(I)wZQB(Oé(I)w + (I)szB>

_ 0
+ad,, F </ —v,0, BJ (111, p)MdvB + @Eﬂ) )

This equation has almost the same structure as the equation for F, in the
proof of Lemma 3.5. By repeating the steps in that proof we conclude that, for
arbitrary 7,

| (1= Xoo) (a®y + o) [[2.0< || V2 (I = P)® [Jon2 +17 || PP |22
1
| v 2FgL |laas + | Fgy ll2,22). (5.14)

Notice that Lemma 3.5 is stated for equation (3.5) where the known term is J.

€
Instead in (5.3) the known term is g. This explain the difference in the factors e.
The result and proof are analogous for ®,.
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There remains an estimate for ®,. The projection along v, — ’UZA\[LG_W where
v = % [v2A(v? — 3)Mdv < 0, gives

0 2 2 2
—i0P, + —(Pg+ (') = —ioc—=P, 5 — —P,. (25 + €GB + F(9.0 — —9.1
o 82( o+3) w\/g A \/6’}/6 .(v2—5) T € 5} (9.8 \/679 Fe)
0 2 0 2 .
+-7:(<Pz§ﬂ — —\/EV%AEB) - —\/57}—(/ v, AJ (Y11, ) Mdvp).

Here ' is a non-hydrodynamic and (3" a general moment of ®. The projection
along vy gives

: , 0 G , 0
oy + 1)+ o~ b = i + Flpo D)+ Flaof)

Again these two equations give

i@+ )2 402+ (@ + #)0.) = eG(F + (@0 + 3)),

0z 2
o+ 8)(~i08 + Flpoor) + F(guf)

P SN S 2
+¢Z(_ZU%¢ZA \/GVECI)UZ(U —5) + f(gZﬁ \/nyng/@)

0 2 0 2 .
+-7:(<Pz§5 - \/7—6790#1%5) - \/_—67]:(/ v, AJ (Y11, ) Mdvf3)).

Using also (5.13) and (5.14) we conclude that

1
(1= Xoo) (@0 + ) 12225 el 2 322+ | V2L = P)® |20, +0 | 2y [12

v b F o [Bas +og | 7oy 13a2) < el vA(T = P)2 [Ba
2 -1 2 1 2
0 1 ) 222 + | v 2FgL |l +€_2 | Fgy ll522)- (5.15)
In particular (1 — x,,)P® is bounded by the right hand side of (5.15). This
together with (5.12) gives the estimate (5.5) for Py of the lemma. Finally, by
choosing 171 = /€ in (5.8) and using (5.5), we get the last two estimates (5.6) and
(5.7). This ends the proof of the lemma. [

For the iteration procedure in the construction of the rest term below, we shall
be using a sum of two systems, the first one being

OR 1 OR OR 1 1 1=
L 0, G = S LR+ —g+ -J (Y, Ry), (5.16)
ot €~ 0z ov, €2 € €

R1(0, z,v) = Ro(z,v),
1
Ri(t,—1,v) = —Eqﬂ(t, —1,v), t>0, v, >0,

1~
Ri(t,1,v) = —=2(t, 1,v), t>0, v, <O0.
€
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A proof of existence for (5.16) can be adapted from [Ma] to the present case with
an additional force term.

To estimate the non-hydrodynamic part of Ry, multiply (5.16) with 2R; M, inte-
grate over [0,¢] x [—1,1] x R? and use the spectral inequality, to obtain

L rou L
— [ B o + | Ba(®) I3+ 102 (1 = P)Ry ||2t22< C( I Ro ||22 (5.17)

‘|‘||V2(] P)9||21t22‘|‘(1+ )||PR1||2t22‘|‘ ||P9||2t22WL ||¢||2t2~>

for every n; > 0.

The a priori bounds on PR; are discussed in the following lemma. They are
more involved and based on dual techniques using the problem (5.3).
Denote by

h(t,z,v) := PR;.

Lemma 5.2 There is €y such that for 0 < € < ¢y and G small

||h||222 (||R0||22‘|‘||V2(] P)9||222WL ||P9||222‘|‘ ||¢||22)

Proof of Lemma 5.2. In the variables (7, z, v), the function R; is a solution to

8R1 8R1 8R1 _ 1= 7
?jLUZ'E_EGayZ —ELR1+9+J(¢11aR1)>

R1(0,2,v) = Ro(z,v),
1_
Ry(7,—1,v) = —Ew(%, —1,v), 7>0,v,>0,

1_
Ry(7,1,v) = —=(7,1,v), T7>0,v,<0.
€

Let ¢ be the solution to

Oy Oy dp 1 7
?4_ Z.E_EG&]Z _ELg0+h—J(¢11,<P)

with initial and ingoing boundary values zero. Denote by

(f.9)m = /f(v)g(v)M(v)dv, M = M(v)e <G,

Multiply the equation for Ry by M and the equation for ¢ by Ry M and integrate
over v. We have

0 -~ 0 0 ~ 0 0
SR+ [ endtlp s R+ R gldo = G [ Al By + Rog gl

= 2(LRu, (T~ PYo)ur + (9.)u + (b, PR
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After integrating on z, by integration by part, the second and third integral give

— /(ngp)[vZa8 — eGaiz M]dvdz + (vap, R1) g (1) — (v, Ry) g (—1)

= (v, R1)u (1) — (v, R1)m (1) .

We integrate also with respect to 7. This gives

K, _ 1 _
1h B < 1R I g () I
K2 ou 1 ou LS
+ — | R{™ 13- 2~ +2K | ||§'F,2~ +_ | v2(I — P)Ry ||§'F,2,2
1 K, 1
+ ||V (I - P)90||2722+ | v 2(I P)9||2722
2K
1 K
+ 2K | vz (I — P)<P||2r2zjL | P9||2722jL || PS0||2722a

for any positive constants K;, j =1,...,4.
It then follows from Lemma 5.1 and (5.17) that

I A 1322< el(K1 + Ko+ Ks) || Ro ll2.
K, K,

1
+(€—+—+—) |0 (135, +(eK1 + Ky + Ky + el) | v72(I — P)g [135.)
111y
T T h
+<6K1+6K3+K4+ 2K, +K 2)” H222
Kl K3 K2

+<E + " + ™ +K,) || Py Hg,m + | PRy H2,2,2 (m2 K1 + mKs + n2K3)].

Choosing € < 1, then K; and K3 (resp.K3) of order €' (resp. ¢72) and 7, (resp.

1) of order € (resp. €2) and 13 of order e72, leads to

1
I 0 1o e Il Ro B += w731 = P)g o +55 | Pg o +25 1 @ Ban ).

This ends the proof of Lemma 5.2 when coming back to the t-variable. [

Lemma 5.3 Any solution Ry to the system

OR, 1 OR, _OR, 1. 2 1

R1(0, z,v) = Ro(z,v),
1.
Ri(t,—1,v) = —gw(t, —1,v), t>0,v,>0,

1~
Ri(t,1,v) = —=9(t,1,v), t>0,v, <0,
€
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satisfies

1
| V2R ||222 < | Ro [|22 + (I =P)g 222 +— | Pg 2,22

<\/ f||y2

+ 1 o ),

c 1 1
Ri|loss < —( R “3([—P —_||P
I Rl < (1 Ro e+ 3T = Phg oz + 2 || Po llas

1
+ — P ||2,2~),
e/
| V2R ooz < (‘ | Ro [|2,2 +— | =21 = P)g ||z +
1

9
€2

+

1 1. -
| 0 |lao~ +€ | V29 ooz + || Ro ||oo,2 +- | % [loo,2~ )

Proof of Lemma 5.3. Consider the solution R; to

OR, 1 OR, _OR, 1. 1 2
T T g TG, Tttt CHIR,
R1(0727'U) = RO(Z>'U)a

1-
Rl(ta —1,U) = __,lvb(ta —1,U), > 07 v, > Oa
€

Rt 1,0) = —%@(t, L), t>0,v, <0.

By Green’s formula and the spectral inequality
T2 IRl 50 | Fr(0) oz +2 1|4 = PV oo o | Ro o
3 || ¥ oo + | V72 = P)g [l222 +(1+7) | PRy [[222 +—=

for any n > 0. Moreover, it follows from Lemma 5.2 that

1
| Pg 22 )
UNE

1 1 1. -
| PRy l225 o —= (I = P)g 22z += || P lazz +5 | 6 lloa~ ).

| I
Ve 7
since the higher order terms in H compared to J (111,.) do not change that

estimate. Choosing n = 4/€ leads to the first and second inequalities. Then,
some additional computations using the solution formula, imply

| Ro [|22 +—=

1 .
| V3 Ry oo o5 | B llooze + Il Ro oo € 17739 looe + Il B oo~ )
€2

which leads to the last inequality of Lemma 5.3. [J
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There remains a second part to obtain the full equation for R,

aR2 aRg 0R2 . 1-
€ at + v, az —EG avz = ELR2+2H(R2), (519)
R5(0,2,v) =0
b(t, —1
R2(t7 _17 U) = / (Rl(tu _17 w) + R2(t7 —1,’(1]) + u) |w2‘M—dw7
w,<0 €
t>0,v,>0,
b(t, 1
Raft, 1) = MM @) [ (Rate 1,00+ Rafe 1) + LD b,
wy>0
t>0,v, <O.

The existence theory for the solution Rs is presented in [Ma], ( pp 150).
There the case of no exterior force is discussed, but an extension including the
present exterior force term is easily carried out, if one includes the corresponding
characteristics into the proofs in [Ma).

The following a priori estimates hold for Ry. By Green’s formula

ou ! 1
€| Ro(t) 32 + || RS |30 +— vl = P)R 54,22
< | R [[5,20 +eae | PRy (13,05 -
Also, by using the bounds in the proof of Lemma 5.3,
out |2 2 -1 2 1 2 1 T2
| R ||2,2,~§ c(|] Ro ||2,2 + v (I - P)g ||2,2,2 +€_3 | Pg ||2,2,2 +€_3 | ||2,2~)-
Similarly to the earlier Ri-case, PRy satisfies

C .
| PRy [J21,2,2< E | Ry" |l2e2~ -

For R we get, by [Ma], (p101-102,150-151) and a control of the e-dependence,

in ou w
| RS (ot~ < (|l BY™ [lara~ + | " [2t,2~ -
Using the solution formula similarly to Lemma 5.3,

| 12 Ry [|so 00.2< ¢ ooz + | B3 [loc2n)-

1
%Hﬁh

From [Ma] and the above discussion, we also obtain

) 1 _
I B2 lloo.on < el BY™ looon 4= 19 lloo2n).

These estimates together give
Lemma 5.4 A solution to the Ry-problem (5.19) satisfies
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1
| V3 (1 = P)Rs [2= (|| Ro I3,
T = P oz 45 1| Po oz +5 wnw),

H PRy ||222< _< || Ry H22 + H V_E(] P)g H2227L || Pg ||222

= ||22N)

| 2 Ry |12 2% C(— I Rz 222 + I Y 2on +5 || w I3.2~)
§0(6_3 | Ro ||22 ||V 2([ P)9||222+ HP9H222
+i6 I 32 + || D [ Zon + | Bo 2 +€ [ 7729 |12 oo2):

We are now ready to discuss the iteration procedure for the existence of the rest
term R and its convergence to zero, when ¢ — +o00. We shall prove that R can
be obtained as the limit of an approximating sequence, and that

+o00
/ / / R%*(t,z,v)M (v)dtdrdv < . (5.20)
0 (~1,1] JR3

This in turn implies the L2-convergence to zero of R(.,.,t), when time tends to
infinity.

Theorem 5.5 There exists a solution R = MR to the rest term problem (5.1),

and it holds that
“+00
/ / / R*(t, z,v)M (v)dtdzdv < oco. (5.21)
0 [—1,1] JRrs

lim R(t,z,v) =0 .

t—oo

Moreover,

Proof of Theorem 5.5. Let the approximating sequence (R")5° be defined by
R° =0, and

ot +Evz' 0z o, €
R"™10, z,v) = Ry(z,v),

8Rn+1 1 aRn-i-l GaRn-ﬁ-l B l~ 9

LR + ZH(R"™) + ZQ(R", R") + o
€

rﬁl}—k
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Rn+1(t7 _17 U) = / (Rn+1(t7 _17 U)) + @(tu _17 U))) ‘wZ‘M—dw - lﬁ(tv _17 U)v
wz <0 €

t>0,v,>0,
_ 1-
R (t,1,0) = M~ My (v) / (Rt 1, w) + ¢ (t, 1, w)) w.Mdw — =4(t,1,v),
wz>0 €
t>0,v, <O.

We use that Ry is of e-order four, o of order four, and «) of order five. In
particular, the function R' is solution to

OR' 1 OR! OR' 1. 2
—t v, — -G = —LR'+ “H(R
ot * ¢ oz Oov, €2 * € (F) +o,

RY0, z,v) = Ry(z,v),

RU(t,—1,0) :/ (R'(t, ~1,w) + (¢, 1, w)) o M_duw — %w(t,—l,v),
t ;Uz(iovz > 0,

RU(t1,0) = M‘1M+(v)/ (R'(t, 1,w) + D(t, 1, 0)) w, Mduw — %@E(t, 1,o),

w;>0
t>0,v, <0.

Now we split R! into two parts R; and R, solutions of (5.18) and (5.19) above,
with ¢ = ea. Then, by using the corresponding a priori estimates Lemma 5.3 resp.
Lemma 5.4, together with the subexponential decrease of v, and the conditions
on Ry and a we obtain

5
I v2R! || c0,00,2< c1€?, l ViR |2.22< cr€2,

for some constant c;.

By induction, suppose that up to a given n
| V2R ||somo2< 20167, j<m+1,
| V(R = RY) o2a< cze || vE(R" = R*) oza o 20,

for some constant cy. To complete the induction,

%(Rn—iﬂ _ Rn—i—l) + %UZ%(RTHQ _ Rn—i—l) _ G%(Rnﬁﬂ _ Rn-i—l)
1 -~

1
— _2L(Rn+2 _ Rn-i—l) + EH(RTHQ _ Rn—i—l) + EGn-i-l’
€ €

(R™?% — R"™)(0,2,v) = 0,

(RTL+2 - Rn+1)(t7 _17 U> - / (Rn+2 - Rn+1)(t7 _17w)‘wZ‘de7 t> O’ Uz > O’

w,<0

M
(R™2 — R™™N(t,1,v) = ﬁ/ (R — R™™N (¢, 1, w)|w,|Mdw t >0, v, <0.

wz>0
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Here
G" = (I -P)G"™" = J(R™™ + R", R"! — R™).
It follows that
| V3 (B2 = B [l = [ V736" 00
(N3 R loo + [ V2R ooz ) | 73R = BY) [l

S Co€ || l/% (Rn+1 — Rn) ||27272 .

IA

Consequently,

1 1 1 1
v 2,2,2 v - 2,2,2 Tt v - 2,2,2 v 2,2,2
[RZ2:5 | vZ(R"™ = R"™) [lapa +.t | ¥2(R® = R') [ly02 + || V2R ||
5
3

<
<

for € small enough. Similarly || 12 R™? ||y 000< 2¢1€%. In particular (R") is a

Cauchy sequence in L2,([0, +oo[x x R3). The existence of R follows, and the
estimate (5.21) holds. This means that there is a sequence of Lebesgue points
in time, (¢;)52, with t; tending to infinity with j, where the L3,([—1,1] x R?)-
norm of the solution R tends to zero. But the L?M—norm of R for fixed t > t;
is uniformly bounded by the norm at ¢; plus some tail integrals from ¢; to oo,
hence tends to zero when time tends to infinity. This completes the study of the
R-term and Theorem 5.5 follows.[]

Finally, the stability follows from Theorem 5.5, hence Theorem 4.1 and The-
orem 5.5 imply Theorem 1.1.
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