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ABSTRACT. We establish local-in-time validity of the Boltzmann equation in
the presence of an external force deriving from a C? potential.

1. Introduction. In many applications of the Boltzmann equation the presence
of an external force plays a crucial role. As an example, among many others, we
mention the treatment of the Benard problem [9, 1] where the presence of the
gravity is essential. A lot of activity has been devoted recently to establish the
wellposedness of the initial boundary value problem in the presence of a given force
[14, 6, 7]. Self consistent forces arise in the Boltzmann equation, when long range
interactions are included in the model and treated as mean field terms. This is the
case, for example, of the Vlasov-Boltzmann [10, 11] and Vlasov-Maxwell-Boltzmann
equations [12], as well as kinetic systems undergoing phase transitions [2, 4, 8].
We start with a system of IV spheres of diameter £ undergoing elastic collisions
when in contact. One can derive the corresponding BBGKY hierarchy of equations
for j-particle distribution functions P]]\,’6 for 1 < 7 < N. The Boltzmann-Grad limit
is the scaling limit such that N goes to infinity and ¢ goes to 0, but the product

Ne@™! — X (finite constant)

(X is the inverse of the mean free path). The goal is to show that, under an ini-
tial independence assumption, for any j, P]{,’E — f; in a suitable sense, in the
Boltzmann-Grad limit, where f; are solutions to the Boltzmann hierarchy, which
are naturally factorized as j-product of solutions to the Boltzmann equation (prop-
agation of chaos).

Lanford’s strategy proof of the validity of the Boltzmann equation [13] is based
essentially on four steps: 1) Series representation of solutions to both BBGKY
hierarchy and Boltzmann hierarchy (for details on the two hierachies we refer to [5]
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and references quoted therein) in terms of a sum over graphs representing backward
in time collision histories (Sections 2 and 3); 2) Observe that factorized initial
data for the Boltzmann hierarchy produce factorized solutions each factor solving
the Boltzmann equation; 3) Absolute convergence with respect to summation over
N for each series graph representation to BBGKY and Boltzmann hierarchies for
short times (Section 4); 4) Each term in BBGKY graph series converges to the
corresponding term in the Boltzmann hierarchy as e — 0 (Section 5).

In Lanford’s original proof, there is no external field acting on these particles. Of
all these steps, the only one which is seriously affected by the presence of the force
is the fourth one. It has been observed in [3] that for the Lorentz gas in the presence
of a magnetic field, the corresponding Boltzmann equation has not to be expected
to correctly describe the behavior of the system in the Boltzmann-Grad limit. The
problem is the following: in the series representing the solution to the BBGKY
hierarchy, each graph contains originally j particles at time ¢ to which are added
n new particles at previous times t; > ty--- > t,, representing the n collisions
described by the graph (see Section 3 for details). Roughly speaking, the j particle
existing at time t evolve backward in time, according to the j-particle dynamics up
to time t; when one of the j particles collides with a new particle. Then the j + 1
particles present at time t; evolve up to the time t5 according to the j + 1-particle
dynamics and so on. The difference when one considers the Boltzmann hierarchy
is that in this case, after each collision the particles evolve independently according
to the one-particle dynamics. If two particles collide again, after the first collision,
in the true dynamics, this event, called recollision prevents the convergence to the
corresponding term for the Boltzmann hierarchy because the recollision does not
occur in the free evolution. Fortunately in absence of forces, it can be shown that
the set of initial data which evolve into recollisions has a Lebesgue measure which
goes to 0 as ¢ — 0 for any ¢ > 0 and hence it is possible to prove the almost
everywhere convergence of the solution of the BBGKY hierarchy to the solution
of the Boltzmann hierachy. When there is an external force, this is false without
extra assumptions, because a new type of recollisions appears. As matter of fact, as
discussed in Remark 5.2 below, if the force is harmonic, because of the periodicity of
the motion, recollision will occur with positive probability after a period. Therefore,
in this case the validity cannot be proved, along the Lanford strategy, for times
longer than the period.

On the other hand, it is clear that, for short times, the effect of the force, which
is quadratic in time, should not change too much the straight line motion of each
particle, which, after a collision tends to separate linearly in time. Our main contri-
bution is to demonstrate there exists fixed time interval, independent of N and e,
such that the curved trajactories cannot re-collide within such a period of time, at
least for a set of full Lebesgue measure as € — 0. This is true if the force if uniformly
Lipshitz continuous and it is the content of Theorem 5.1 below. Based on this we
can prove the validity of the Bolztmann equation in the presence of an uniformly
Lipshitz continuous force, in the same sense of Lanford. The precise statement is
given in Theorem 5.2 below.

2. BBGKY Hierarchy. We consider a system of N hard spheres of diameter ¢
moving in R? under the action of a external smooth force F' and undergoing elastic
collisions when two sphere are in contact. To be more precise, let A C R% be an
open cubic box of size L (the parameter A will be kept fixed in this note and can
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be conveniently assumed to be 1). The N-particle phase space I'Y is defined as
follows: with the notation Zy = (Xn,Vn) = (z1,v1,...,2ZN,vnN), Where z; is the
center of the sphere ¢ and v; its velocity,

TN = {(Zy € AXRYN [|ag —ay| > e V0 # k).
The evolution of the system is defined as follows: given Zy € 'V, we define

TN Zn = (x1(8),v1(t), ..., zn(t), on (1)), (2.1)
with

with initial data
z;(0) = 2, vi(0) = v; (2.3)

for any time ¢ such that TtN’EZ N € Y. We assume that the force F is uniformly
Lipshitz continuous, so that the Cauchy problem for the system (2.2) is well-posed,
as long as the spheres do not touch each other or the boundary

In order to complete the definition of the evolution TtN’E7 we prescribe elastic
collisions with the boundary or when two particles are at distance €. If the sphere
i is at the position z;(t) € A, with velocity v;(t) at a certain time ¢, its velocity
has a jump and its value at time t+ = ¢ + 0T is given by

vi(t") = vi(t) — 2(n(z:(t)) - vi)n(@:(t)) (2.4)

where n(z) is the inner normal to A in . When a couple of particles £ and k are
such that at a certain time ¢ |x,(t) — x(t)| = €, the velocities at time ¢* are defined
as

ve(th) = we(t) — [k - (ve — vi)lnek
vp(th) = vi(t) + [ - (ve — vi)ne

where
g = k(1) — z(t)
T k() — ()]
provided that the two particles are approaching to each other, meaning that

neg (’U@(t) — ’Uk(t)) <0. (2.6)

Otherwise, nothing happens. The evolution after ¢+ continues according to (2.2),
with the new initial data, till the next time when two particles are in contact or a
particle hits the boundary. At that time the same prescription is applied. Therefore,
the above evolution is well defined at any time because the force is uniformly Lipshitz
continuous. Clearly, with the same procedure the evolution TtN’E can be defined also
for t < 0.

(2.5)

We do not define the dynamics when more than two particles are in contact. This
and other pathological situations are easily shown to have zero Lebesgue measure
and will be therefore irrelevant in the following. We refer to [5] for details.

The collisions both between particles and at the boundary, are defined in such a
way to preserve the kinetic energy:

St = S lvi(®)? (2.7)
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at the boundary, and

1 +112 1 2_1 2 1 +112
Sl 4 Sl = S loe(t) + 5 low ()] (2.8)

in binary collisions. The potential U is assumed smooth, with bounded second
derivatives. We also assume that there is B > 0 such that

U(x) > —B forall x € A. (2.9)
The total energy is defined as
1
5ol + U(w). (2.10)

The energy of the particle i, £|v(t)|> + U(z(t)). is conserved, even during collisions
with the boundary, as long as it does not undergoes collisions with other particles.
During a binary collision the sum of the kinetic energies of the two particles involved
is conserved, while the potential energy of each particle does not change. As a
consequence, the total energy E(Zy) = Zf\;l 11052 + U(;)is conserved during the
evolution 77\

E(TN<Zxn) = E(Zy). (2.11)

Let Py, be a probability measure on 'Y invariant under permutations and
absolutely continuous with respect to the Lebesgue measure with a density still
denoted by Py <(Zn). The probability measure

Pyc(t) = PycoTh* (2.12)

is also absolutely continuous with respect to the Lebesgue measure with a density
Pn o(Zn,t) satisfying the Liouville equation

N
O Pre(t) + Y [vi Vi, Py c(t) = Vo, Uas) - Vo, Py c(t)] =0 (2.13)
i=1
in TV, with initial condition
Pne(Zn,0) = Pne(Zn) (2.14)
and boundary conditions
PN,E(xlavlwﬂa'riavi)' ..,l‘N,’UN,t) = PN,&(mhvl)' "7xi717i7"'7xNavNat)7

it x; € OA, with 0; = v; — 2[n(x;) - vi|n(x;); (2.15)

PN,S(ajl,vl,...,xi,vi,...,xj,vj,...,xN,vN,t) =
PN,a(xl,vl,...,xi,vg,...,xj,v;»,...,xN,vN,t), if |z, —x;| =€, (2.16)
with
T — s
vi =0 = ngl(vi — vj)Inag, V= v — gl —vp)lnegg, mag = H
J 3

The equation (2.12) defines a map on the probability distributions that we denote
it by S¥#(t): For any probability density P on I'* and any Z;, € T¥, we set

Skt P(Zy,) = P(T*E 7). (2.17)
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The j-particle probability density P(j ) is obtained from Py . by integrating Py .
over the positions and velocities of N — j particles. By the permutation invariance
we can choose to integrate over the last N — j positions and velocities, so

PY.(2;) = / dZN=I Py (Z; 0 ZN ), (2.18)
| Pz
where ZN-J = (Zj+1,Y41,.-.,2N,0n) and  Z; U ZN-J =
(1,015, 5, Vj, Tjg1, Vjgl, - - - TN, UN). The domain of integration in the
above definition is
Y= (z)={We(AxRHYN |z, uW €TV} (2.19)

The j-particle probability densities satisfy the BBGKY hierachy

atP(]) Zj,t) _|_Z [Ul P(J) (t) = Va,U(x;) - Vvip](vj’)g(t)} _ C](g+1)P(J+1)(Z t),

&

A (2.20)

in ', with boundary conditions similar to those for Py .. The collision opera-

tor C’](\ﬁl) maps (j + 1)-particle probability densities in into j-particle probability
densities as follows:

J J
i+1) H(+1 +1),i,+ p(i+1 i+1),6,— p(i+1
G PG — O CU P S o R
i=1 i=1
with

C](\;’Jsrl),iﬁpj(vj;rl)(zj) = (N _j)é_d—l/ dij/ do
Rl Siil(m_vwrl)

|w - (v — vj+1)|P](Vj;1)(x1,v1, T Ve TV T — aw,v;H), (2.22)
Oyt TP (Z) = (N - et / dvm/ d“
R4 SEH (vi—vj41)
lw - (v; — vj+1)|P](Vj;1)(x1,v1, Ty Vg T, UG, T+ EW,Vj41),  (2.23)
where
STHV)={weR||jw| =1,V -w>0} (2.24)

and v and v}, are related to v; and v;41 by the relations
vi = v —wl-(vi —vjp)]w, Vi = v — w0 = vig)w. (2.25)
It is convenient to write (2.20) in a time integrated (mild) form:
. X . t . . .
PO =S OPR.0) + [ ansie - el P w). 220
0

By iterating (2.26) N — j times, we obtain the solution to the BBGKY hierarchy
in the form of the finite sum:

Pt =T ), (2.27)

n>0

4" (t) /dtl/ dts .. / At KN (- ) (2.28)
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KA (bt ) = S75(E = 1) OY VST (1 — 1) O
(2.29)
ST — 1) O T ST () PR (0),

with the convention that ¢y = ¢ and for n = 0 there is no integration; moreover, we
P](\f)e =0 for j > N.

3. Boltzmann Hierarchy. Our aim is to take the limit of the above expansion

as N — oo and € — 0. From the expressions (2.22) and (2.23) it is clear that we
need to assume Ne?~! = A\~! finite. The number A > 0 is related to the mean free
path. This limit is the Boltzmann-Grad limit (see for example [5]). The limiting
equation for the 1-particle density distribution fi(z,v,t) = f(x,v,t) in this limit is
expected to be the Boltzmann equation

Ouf +v-Vof +F(x) - Vof =Q(f) (3.1)
where Q(f) is the collision operator
Qe = [ [ de- oSSR 62

with f/ = f(v'), fl. = f(vl), f« = f(vs) and f = f(v), with ©" and v} the incoming
velocities of a collision process with outgoing velocies v and v, and impact parameter
w:
V=v—ww- (v—u)), vi=vt+ww: (v—u)). (3.3)

Below we will be mainly interested into the so called mild form of the Boltzmann
equation, i.e. its time integrated version: Introduce the notation T;z for the free
flow in A x R? under the action of the force F and with elastic collisions at OA,
namely Tz = (z(t),v(t)) with

T=v

0= F(z)
as long as z(t) € A and v(t) = v(t) — 2n(x(t)(v(t) - n(x(t)) if z(t) € IA. Moreover
set S(t)f(z) = f(T-+z). Then the mild form is given by

£(t) = S@1(0) + / drS(t — )Q(S(r) ) (3.4)

In order to make the comparison between the sum (2.29) and the solution to the
Boltzmann equation, we introduce the Boltzmann Hierarchy:

Let f(t) = {f;(t)}en be a family of positive probabilities densities, such that for
each j > 1, f;(t) is a probability density on (A x R%)J and

/(A d)vfj(xlavla---awjavjvt)dxjdvj:fj—l(mlavla---axj—lavj—lvt) (3.5)
xR%)J

with the convention fy = 1. The Boltzmann Hierarchy reads:
J
atfj(Zjat) + Z ['Ui : vxifj(Zjat) - vmlv(xz) ’ V’Uifj(Zj7t)
i=1
=CUtfi1(Z5,t), (3.6)
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for any ¢t > 0 and Z; € (A x R?)7. The collision operator CU+1) is defined as:

J J
CUtVf L = Z CUtDit g | Z CUtDi= oy (3.7)
i=1 i=1
with
C(j+1),i,+fj+1(Zj) _ )\71/ d’UjJrl/ dw
Rd 8¢ (wi—vj41)
|w . (’Ui — ’l}j+1>|fj+1($1,’l)1, N 7.’1%7’[);, N ,.’Iﬁj,’l}j,.’lﬁi,’U;Jrl), (38)
C(j+1)’i’_fj+1(zj) _ )\—1/ de+1/ dw
Rd Siil(vi—'l)]q,l)
|w ! (vi - Uj+1)|fj+1($171}1, vy Ly Uy e e s 7Ij7vjvxi7vj+1)7 (39)

The connection between the Boltzmann equation and the Boltzmann Hierarchy is
based on the following remark: If fO(zx,v) is any probability density on A x R,
f(x,v,t) is a solution to the Boltzmann equation with initial datum f° and we
define, for any 5 > 0,

J
fjo(xl,vl,...,xjmj) :Hfo(.’ti,’l)i), (310)
i=1
then the sequence f(t) = {f;(z1,v1,...,2;,v;,t)}jen, with
J
fj(xl,vl,...,xj,vj,t):Hf(xi,vi,t), (3.11)
i=1

is solution to the Boltzmann Hierachy.
Also the solution to the Boltzmann Hierarchy is conveniently written in integral
form: We set T} Z; = (T}z,...,Tiz;) and

SU(t) £i(Z5) = £(T7, Z;). (3.12)
The Boltzmann Hierarchy is equivalent to
t
fi(t) = S7() f;(0) + /O dty S (t — t1)CUTD 0 (7). (3.13)

By iterating (3.13) N — j times, we obtain the solution to the Boltzmann hierarchy
in the form of the infinite sum:

Ft) =Y (1), (3.14)

n>0

t t1 th_1 i
T (t) :/ dtl/ dtg.../ dt I3 (. L), (3.15)
0 0 0

KOty .. tn) = ST(t — t1)CUTYSTHL (1) — 1)CUF2)
(3.16)
ST, — )0 ST () £ (0).
The Lanford proof [13] is based on bounding for short times all the terms of
the sums (2.27) and (3.14) by an absolutely convergent series, uniformly in N,

and proving for each fixed n, the convergence of each term of the sum in (2.27)
to a corresponding term in the series (3.14). Since the book-keeping of all the
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\
A
/

FIGURE 1. Tree G(2,5)=1,2,1,3,2

contributions in the series is rather complex, it is convenient to introduce a graphical
representation by associating to each of the terms of the sums suitably defined
graphs.

To this end, we first exploit the expression of the collision operators in (2.29)
(the analysis for (3.16) is similar). We have:

PIH=%" Z ‘znl/ dtl/ dt .. / Cat,

’I’L>0 9, k:l,

Sj,e(t _ tl)cj(\?zlLkhal Sngl,s(tl _ t2)0%22)7k2702 o Sj+n71,5(tn_1 _ tn)

ORI sTme (1,) P (0), (3.17)
where g, = (01,...,0,) with o, = £1 and |g,,| = >, _, 0. Moreover,
j g+l j+n
Z =22 > (3.18)
Ko, Fi=1ko=1 k=1
Fixed j and n, to each choice of ky € {1,...,j}, ko € {1,...5+ 1}, ..., kn €
{1,...,7 + n} we associate a graph G(j,n), which we represent as a tree. The tree

has j roots representing the j particles existing at time ¢, each of the n branches
represents the creation of a new particle at the time ¢, chosen among t; > to >

- > t, near the particle k;, with incoming or outgoing velocities, depending on
op. The straight lines represent the backward evolution of the particles between
creation of new particles. Note that with an external force, the real trajectories are
not straight lines, so the graph has to be intended just symbolically. An example
of tree with j = 2 and n = 5 is given in the Figure 1. The set of all such graphs is
denoted by G(j,n) and the sum -, ' becomes Y (; 1yeg(jm)-

We denote by Z°(s) the positions and velocities at the time s in a given tree.
If s € (te41,1,), then it contains the positions and velocities of just j + ¢ particles,
denoted by (Z1(s),01(s),...,Zj4+¢(5),Vj1e(s)). The particle j+¢ is created at time ¢,
by the particle k¢ in the position Z;¢(t¢) = T, (t¢) — oewee, with velocity 0(t;4¢) =
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Vjte if op = —1 and with velocity 9(t;,,) = vjye — we(we - (0(tk,) — vj4e)), if
oy = 1. Note that, since we are looking at the backward evolution, the velocity
has to be defined at the time ¢, = t; + 0. In the interval (¢,,t¢41) the particle

evolve according to T’ fe’s, thus the internal collisions between the j + ¢ particles
are still to be taken into account. To be consistent with this notation, we set tg = ¢,
thn+1 = 0 and, when ¢ = 0, so that there are only the j initial particles, we set

(#1(s),01(s), -, 25(s),0(5)) = (21(s),01(s), . ., 5 (s), v5(s))-

‘We also use the notation
tn = (th s atn)7
Qn = (UJ]_7. .. 7wn)7
Vin = (Vi1 Vjtn),

and introduce the measure

dp(tn, wy,, vin) = x({t > t1 >t >t })dtr .. dtpdw ... dwpdvjir ... dVjqn,
(3.19)
so that (3.17) can be written as

POR.OZ) =3 a3 (1)l /du(tmgn,vn)

n>0 2, G(Im)eG(in)

Bl(ty,w,, vjn)PYI™(29(0),0), (3.20)

where
an(j) = (N = j)(N —j = 1) x (N = j —n+ 1)el4=Dn (3.21)
and
B(tn,w,, Vin) = [ ] lwe - (@, (te) = vj1e)l- (3.22)
=1

A similar procedure can be used to represent the terms in (3.16). The result is

HOZ) =AY Y (el / dpi(t, w0, V)

n>0 a, G(j,n)€G(H,n)
B(tnagnvvj,n)f]-Fn(Z(O)?0)7 (323)

the main change being the definition of Z(s). Indeed given a trees as before, Z(s)
are the positions and velocities at the time s in the given tree. If s € (toy1,tr),
then it contains the positions and velocities of just j + ¢ particles, denoted by
(Z1(s),01(8), ..., %;j1e(5),0j4e(s)). The particle j + ¢ is created at time t, by
the particle k; in the position Z;y¢(t¢) = &, (t¢), thus exactly where the an-
cestor particle is, with velocity ¥(tj1¢) = vj4s if 0o = —1 and with velocity
O(t; ) = vjre — we(we - (0(t,) — vj4e)), if o¢ = 1. In the interval (t¢,t,11) the
particle evolve according to 77 J[Z, thus there are no internal collisions to be taken
into account.

Hence, the main differences between Z(0) and Z¢(0) are due to the fact that the
collisions occur at the same point instead than at distance ¢ and that there are no
internal collisions between creations. The first difference is treated by using the
continuity of the probability densities.

The absence of internal collisions in Z(0) is related to the problem of recollisions
that requires a detailed analysis, and present the major novelty with respect to the
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case without forces. Before doing this, however, we want to show that the two sums
(3.20) and (3.23) can be bounded by absolutely convergent series.

4. Convergence of graph expansions. For any sequence of functions f =
{fi(Z;)}jen and any > 0 we define the norm

1fillg.s = sup [(Z;) exp 52{ [oil* + U ()} | - (4.1)

Z; er?

We need assumption on the initial dlstrlbutlons: We assume that there is 5 > 0
and £ > 0 such that

1P (0)5,5 < &, (4.2)
and '
1£5(0)]|5,; < &, (4.3)

We prove the following

Proposition 4.1. Suppose that {f;(0)},en and {P](Vj’)s(O)}jeN satisfy (4.2) and (4.3)
for some B and . Then, for any 8’ < B there is t* and C such that for t < t*,

DIl () <D ens (4.4)

n>0 n>0
DT )l <D ens (4.5)
n>0 n>0

with the series ano cn geometrically convergent.

Proof. We note that, by the conservation of energy in the evolution th <,
|70 PRLls < 11PY % ls. (4.6)

Moreover, for any 3 < 3, we claim

|| Z C(J-‘rl) i, UP(J-H)Hg/ < ON 15 d/2,BB+(B— B)iB

|W“Wmﬂb% @+%§

Indeed, from the definition of CU*1:%7 since (N —j)e?! < eA~! for N sufficiently
large, we have,

J
(+1)siso p(i+1 (+1 C
HZCJ P s < IPEL g5 D [ dvgs
=1

(4.7)

1
LL$4m4@r—%+ﬂ'WHXM—B§WHﬂ2+l“@%—UWQ]
+
|
exp[—(8— 8 slsl” + U((x;)]-
i=1

Since the potential energy is bounded from below, we can use the lower bound
[of*

1 2
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Moreover, |(v; — vj41) - w| < |v;| + |[vj+1]. The following estimates are elementary:

Elanwvﬁ—ﬁUEZQWﬂfw Bjﬁ’ (4.8)

i=1 i=1

C
[ dvsstoraess |-l | < . (49)
R 4 B

Combining them we get

J
e
(DN AR = Al P
1=1

J g
V-7 "B

By applying above estimate n times, with 5 — 8’ replaced by (8 — 8’)/n, and using
the fact that the cardinality of the g,, is 2", we obtain

GHl=1  GHL=1] i
V=g g | 1P Ol

Oe”BSd—H)" e

d—
Cﬂfd/Q |S2 1|

explBB + BB — BNIPYI g jer. (4.10)

”’Cj’n(tvtlv s 7tn)||5,j <

(Oeﬂ3|;8/’zl| ) ! ﬁ S (+e-1)B
AB

(=1

<SGy (

)\ﬁd/2
Therefore
en < (e L (cepyn. (4.11)
n!
Since ((jjiz))? < Ce™ and % < 297%™ the series ano ¢y, is geometrically summa-

ble uniformly in e and N, provided that t < ¢ty = (C€e)~!, where C is a computable
constant. The same argument can be applied to control the series (3.16), with
exactly the same bound. O

Remark 4.1. The previous argument can be easily adapted to the cases where
the force F' does is not potential and/or if it depends smoothly on time. In those
cases we do not have the conservation of energy, but clearly, the variation of kinetic
energy in an interval of time of length ¢ < T'is bounded by T'sup,, , |F'(z,t)| = Dr.
Therefore it is enough to replace the constant B in (4.10) by the constant Dr, and
then the time t* is chosen to be the minimum between T and tg.

Remark 4.2. In particular Proposition 4.1 shows that the series (3.14) is a local
in time solution to the Boltzmann hierarchy (3.13). By the same arguments it can
also be proved to that it is unique.

Remark 4.3. Note that the presence of the force only changes the value of the
constant C because of the contribution due to the negative part of the potential
energy, which is bounded by B.
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5. Recollision and term by term convergence. A more substantial modifica-

tion to the Lanford argument is made necessary by the presence of the force in the
term by term convergence.

To discuss the convergence of the sum (2.27) to the series (3.14) we need an
assumption on the convergence of the initial conditions. We assume that, for each
J > 0 the functions Pj(j )

~(0) are continuous and

PY)(0) = f£;(0) (5.1)

uniformly in the compact sets of (A x R%)7 in the Boltzmann-Grad limit (BG), i.e
when N — oo and € — 0 so that Ne~! — A~ A typical initial condition is

Py (Zy) = N Hf 2i,0) [ X (@i, z1), (5.2)

k<i

where f(z,0) is any probability density on A x R?, x%(z,y) is the (smoothed) char-
acteristic function of the set {(z,y) | [z —y| > €} and N is the normalization factor.
If f(z,0) is continuous, clearly P, ( 2(0) = [T}, f(2,0) uniformly on the compact
sets.

We can prove the following

Proposition 5.1. Suppose that for any j > 0 the functions P](\f)E(O) are continuos
and P](\f)s( 0) — f;(0) uniformly in the compact sets of (A x R)J. Then there is a

time t** > 0, independent of n and j, such that Ij " '.(Zj,t) converges to T3 Z;,t)
for almost all Z; and for t < t**.

Proof. By the results in Proposition 4.1, in order to prove the convergence of the
sum (2.27) to the series (3.14) it is enough to show that for each fixed j and n, I}V"E
converges to Z; , in the BG limit. By dominated convergence it is enough to show
that, for each fixed (t1,...,t5), ng\’,TfE(t, t1,...,ty) converges to KI" (¢, t1,... t,).
By the decay properties in the velocity space which follow from Proposition 4.1, it
is enough to show it for the contribution of each graph in a compact set B in the
velocity space. Moreover, ay,(j) — A™", so we need to show that Pj(j’jn)(za(O),O)
converges to f(;1n)(Z%(0),0) in a subset of (A x B)’*" whose complement has a
vanishing Lebesgue measure in the ¢ — 0 limit. We stress that in this argument j
and n are fixed, and the only parameter we are moving is €.

We fix a tree G(j,n). Associated to the tree there are the trajectories Z°(s)
given by (Z1(s),01(s),...,Z;1e(8),0j44(s)) for s € (0,t) and £ =0, ...,n such that
s € (tes1,t¢]. We introduce the characteristic function xyec of the set of recolliding
particles:

Vif3s € [0,8],k £ 1€ {1,...,j +n),|Fu(s) — #(s)| < e

Zitn,w,, v =
Xreel n@ns Vin) = {0 otherwise.

Without force, for any fixed t > 0, the set where x;o.c = 1 has clearly Lebesgue
measure — 0 as ¢ — 0. In fact, in order to have a recollision between two specified
particles, one has to choose the velocities in some very carefully specified sets whose
measure goes to 0 as € — 0. This is enough to conclude the proof, since in this case,
clearly Z¢(0) — Z(0)) on the complement of the set of recolliding configuration, the
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functions PJ(\?,)E(Z]-,O) are continuous and converge to f;(Z;,0) by the assumption
(5.1).

With an external force, in general this is not true. The novelty is the following:
suppose that at time # two specified particles are at distance € and undergo a non
grazing collision with incoming velocities v; and vs. Then, going back in time, the
straight trajectories without force would separate and this two particles would never
collide again, if first some other collision occurs. The presence of the force changes
this because the trajectories are no more straight and we cannot exclude that these
two particles will meet again. The constant force provides a remarkable exception
to this is, because in this case the two particles have the same acceleration which
cancels out, so they do not meet again before another collision. If the force is not
constant, then the accelerations of the two particles are different and at some later
time they can get closer than €. How long it will take depends on the projection
of the relative velocities on the direction of the impact parameter w and on the
Lipshitz constant of the force.

Summarizing, in the presence of an external force, there are two kinds of recolli-
sions. The first ones, similar to those without force, are due to very special choices
of the velocities, which induces collisions of two particles who possibly never meet
before, but both meet another specified particle. Thus, at least three particles are
necessary to make such a recollision.

The second ones are consequence of the external force and correspond to the fact
that after two particle collide, instead of separating, get again closer than ¢ because
they are accelerated by slightly different forces. This kind of recollision occur even
with only two particles and do not require any special choice of the velocities.

About the first type of collisions, they are dealt with as in the case without force.
Indeed, since the force is uniformly Lipshitz continuous, it is easy to check that the
set of velocities producing this kind of recollisions has vanishing measure as € — 0.

The second kind of recollisions cannot be excluded by small measure arguments.
Indeed, as discussed in Remark 5.2, in some cases they occur with probability 1.

In order to treat them, we prove the following

Theorem 5.1. Suppose that v — —VU (x) is a bounded uniformly Lipshitz contin-
uous function from R into R? and X (t,x,v) the solution to the equation

X =-VU(X), X(0)=z X(0)=o.
Let x1, x2, v1, va such that
o 11 — x| =¢;
e |vg —wg| > &7 for some v € (0,1];

(z1—m3)  (vi—wz) _
|1 —x2]  |vi—vz]

Then, if € is sufficiently small, there is T > 0 independent of € such that
‘X(t, X, 1}1) — X(t, xg, 1)2)‘ >¢€

cosa > el=7,

for any t € (0, 7).
Proof. We have

t s
X(z,v,t) :m—i-vt—/ ds/ duVU (X (u,x,v)).
0 0
Let L(t) = 1 — 22 + (v1 — v2)t and

A={s>0:|X(s,z1,v) — X(s,22,v2) — L(8)] < %s\ﬁ(sﬂ}
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The set A contains 0 because X (0,z1,v1) — X(0,22,v2) — £(0) = 0. Moreover
| X (s, 71,v) — X(8,22,v2) — L(s)| = O(s?). Indeed

X(s,21,0)—X(s,22,v2)—L(s) = —/Os dr /OT du(VU (X (u, z1,11))—VU (X (u, x2,v2))).

Therefore )

X (s,1,0) = X (5,22, v2) = £(5)| < 2] VU|ow 5
Tr1 — T2
|21 — 2|’

L(s)=nlry —z2| +sn@n-(v1 —v2) +s(I—=n®n)- (v —va).

On the other hand, setting n = we have

By using the definition of cos «,

£(s)

2 = (o1 — xa| + scosalv; — va])? + s2|vg — vo|? sin®

= |z1 — x2|® + s2|v; — va|? + 25 cosalry — za|jvy — Vg
which implies, by the conditions on x; and v;,
1£(s)|? > 2(1 + 2567 L cos o + 207V 62) > £2(1 4 25)? (5.3)

for € sufficiently small. Therefore we have
1 1
§s|£(s)| > 555(1 +25) = O(s).

By continuity, A contains an interval of times s starting with s = 0. Let 7 > 0 be
the infimum of the times such that the condition defining A is violated. Previous
argument shows that 7 is larger than 0. We need to prove that there is a lower
bound for 7 independent of €. By continuity,

X(Toa1,00) = X (T, a,2) — £(T)] = LTI (5.49)
We now claim that there is a constant C' independent of € such that

| X (T, z1,v1) — X(T,m2,v0) — L(T)| < CIL(T)|T?. (5.5)
This, combined with (5.4) implies

CIE(T)IT? > JTIE(T),
and hence )
T> 20

Proof of the claim (5.5): We note that for any ¢t < T

| X (t, 21, v1) =X (t, 22, v2)—L(t)| = /0 ds /Os dr(VU(X (1,21,v2)) — VU (X (T, 1‘27’02)))’

t s t s
< HV2U||OO/ ds/ dT|X(T7x1,U1)—X(T,x2,vg)—ﬁ(7)|+|\V2U||oo/ ds/ dr|L(7)|
0 0 0 0

and (5.5) follows by using the Gronwall lemma and monotonicity of |£(s)|. The
constant C' does not depend on &, but only on the Lipshitz modulus of F'.
Therefore, for t < T we have

| X (¢, 21,v1) — X (¢, 2, v2)| > |L()](1 — %).
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LI -2y > e 4201 - =<1+ gt _ ) >,

provided that 0 < t < %
Hence, the two particles are not closer than € on a time ¢** = min{T, %} O

To use this theorem we need to remove a larger set than {xr.. = 0}. Indeed we
need to add that at time ¢ and before each of the collision times ty, £ = 1,...,n
the conditions to apply the theorem are fulfilled. Therefore, we fix a v € (0,1) and
introduce the characteristic function xforce, defined as follows:

1 if Conditions A is satisfied,
Xoree(Zjs bns &y Vi) = {O otherwise. (5:6)
Condition A
o If &y, (tr,) — Tjtre = €wr,, then |0k, (tk,) — vVjqe| > €7 foreach £ =1,...,n;

Uk (L) — Vjite

e = COS « > El_’y
Uk, (thy) — Vel he =

—Wr,

o ifr; —xp =cwp. fori#Eke{l,...,5}, then |v; —vg| > €7;

V; — Uk _
! cosay, > el=.

i
|vi — v

Note that Theorem 5.1 is stated for clarity forward in time, but has to be applied
here backward in time and hence we need to reverse the sign of cosa. Cleary, it
still holds if we replace outgoing velocities with incoming velocities as we have done
in Condition A. Theorem 5.1 ensures that in the set {xforce(l — Xree = 1)} the
convergence Z°(0) — Z¢(0)) is true as long as t < min{7T, 3}. On the other hand,
the complement of this set has vanishing Lebesgue measure as € — 0. Indeed, the
Lebesgue measure of the set where Condition A is not satisfied is clearly small as
e — 0, provided that v < 1. O

Remark 5.1. The above argument would still hold if the force depends smoothly
on time and/or is not derived by a potential.

Remark 5.2. The term by term convergence without force holds for any time,
so the restriction of short times only depends on the applicability of Proposition
4.1. In the presence of an external force, one cannot expect to show the term by
term convergence for any time with a general force. The argument used to prove
Theorem 5.1 clearly hold for any time if the force is constant, since, in this case
X(s,x1,v1) — X(s,22,v3) = L(s) > &2 for any s < t. On the other hand, in

the presence of an elastic force with potential V(z) = $k|z|?, the statement of
Theorem 5.1 is false for times larger than 2—\/% Indeed, it is enough to consider the

graph G(1,1) with just an initial particle and a new born at time ¢;. At time ¢;
the two particles are at distance € and undergo the prescribed collision. Then, since
the evolution of X (s,z1,v1) — X (s,22,v2) is periodic, independently of the initial
conditions, the particles will be again at distance ¢ at the time t; — % Therefore,

according to the evolution TE’E they will collide again, while in the evolution T}
there is no such collision.
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The combination of Proposition 4.1 and Proposition 5.1 completes the proof of
the validity of the Boltzmann equation with an external force, stated informally in
the Introduction and precisely below.

Theorem 5.2. Assume that for all the j > 0 the initial j-particle distributions
P](\{)E(Zj, 0) are continuous and converge, uniformly on the compact sets of A x R?
to fj(Z;,0) and there are > 0 and & > 0 such that the inequalities

1PYL(Z5, 0)lgy <€, 1£5(Z5,0)lp < €.

Then there is a time t, > 0 such that, for any t < t., PI(Vj)E(Zj,t) solution to (2.206)

converges almost everywhere in the sense of the Lebesque measure on A x R% to
fi(Z;,t) solution to (3.13).

The following corollary establishes the validity of the Boltzmann equations and
the propagation of the chaos for short times:

Corollary 5.1. If the initial j-particle densities are given by (5.2), with f(z,0)
such that || f(0)]|g1 is bounded for some 3 > 0, then there is t,. > 0 such that, for

0 <t <ty P](\f’)E(Zj,t) converges almost everywhere to g:l f(zi,t) with f(z,t)
solution to the Boltzmann equation (3./) with initial data f(z,0).

Proof. This follows from Theorem 5.2 together with the observation that
7_, f(z,1) is solution to the (3.13) and is the unique by Remark 4.2. O

Remark 5.3. The combination of Remark 4.1 and Remark 5.1 implies that Theo-
rem 5.2 and Corollary 5.1 still hold in the presence of a generic force F(x,t) which
is Lipshitz continuous both in z and ¢.
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