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Abstract

We consider the Boltzmann equation for a gas in a horizontal slab, subject to
a gravitational force. The boundary conditions are of diffusive type, specifying the
wall temperatures, so that the top temperature is lower than the bottom one (Benard
setup). We consider a 2-dimensional convective stationary solution, which is close
for small Knudsen number to the convective stationary solution of the Oberbeck-
Boussinesq equations, near above the bifurcation point, and prove its stability under
2-d small perturbations, for Rayleigh number above and close to the bifurcation point
and for small Knudsen number.
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1 Introduction

We study the small Knudsen number solutions to the Boltzmann equation in a slab with
diffusive boundary conditions in the presence of a gravitational field.

In a previous paper [AEMN| we have proved the existence and stability globally in
time for small Knudsen number of a positive one-dimensional stationary solution to the
Boltzmann equation, which is close to the hydrodynamic laminar solution of the Oberbeck-
Boussinesq (O-B) equations. At the hydrodynamical level there is a bifurcation phe-
nomenon: when the vertical temperature gradient exceeds a certain critical value, the
laminar one-dimensional solution loses stability and various two- or three-dimensional pat-
tern flows appear. In particular, it has been proved the existence of a two-dimensional roll
solution of the O-B equations close to the bifurcation point. Its stability under suitable
perturbations has also been proved.
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In this paper we construct, by means of perturbative arguments (expansion method),
for small Knudsen number, a positive two dimensional solution to the stationary Boltzmann
equation, which is close to this roll solution. Moreover, we prove its stability for long times
under a suitable class of two dimensional initial perturbations. These results are true for
values of the Rayleigh number above and close to the bifurcation value, provided that the
force is small enough. To state our result, we need to introduce some notation.

Consider a gas in a 2-dimensional box of height 27rd and length 27h, under the action of
a gravitational force g in the direction z. The upper and lower walls are kept at temperature
T, and T_ respectively, with T, < T_, with no-slip conditions, while periodicity is assumed
in the horizontal direction. At the kinetic level, the behavior of the gas is given by the
following Boltzmann equation with boundary conditions diffusive in the z direction and
periodic in the = direction, written in dimensionless form,
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Here R/, k!, h,h, stand for h(z,z,v' t), h(zx,z, v, t), h(x, z,v,t), h(z, z,v,, 1) respectively,
Sy = {w € R¥|w? = 1}, B is the differential cross section 2B(w,V) = |V - w| correspond-
ing to hard spheres, and v, v, and v’} are precollisional and postcollisional velocities or
conversely. The boundary conditions are such that the condition of impermeability of the

walls,

/ dvFuv,dv =0, (1.2)
R3

is satisfied. The solution depends on the parameter ¢ = 2v/6Kn//5r, where Kn is the
Knudsen number given in terms of f,, the mean free path of the gas in equilibrium at

temperature 7_ and density p. We have also put Ma = £v/6/ V5, where Ma is the Mach

1 2T
number. With this choice, the Rayleigh number ([Sd]) is Ra = M

s
of . We will fix through the paper the parameter G such that G < Gy with G| suitably

, independent

T
small. Fix h = — where «, is the critical wave number for the first bifurcation. The

o7
linear analysis of the O-B equations with rigid-rigid boundary conditions, ([B1]) below,



describing the behavior of the fluid at hydrodynamic level, gives a critical value a, and
a corresponding critical Rayleigh number Ra. [DR]. The parameter A will be chosen
in an interval [A. (1 + §)A ], for § small and with . determined by the condition that
Ra. — 16G(21 )

two roll solﬁtions will appear at the bifurcation point, consisting of one roll, rotating
clockwise and anticlockwise respectively. These solutions are constructed perturbatively
for § small in a rigorous way [Iu] and their local non-linear stability has been proved for
small initial perturbations with the same period of the roll solution [Iul.

The clockwise solution hg is then of the form

is the critical value. With these choices, at the hydrodynamical level,

hs = hy+ 0 heon + O(6%), (1.3)

where hy is the laminar solution and h.,, is the eigenfunction corresponding to the least
eigenvalue of the linearized Boussinesq problem around the laminar solution (see Section
4 for the precise definition).

In this paper, we construct a stationary solution Fy of the Boltzmann equation, which is

close for £ small to the hydrodynamical solution (say, the clockwise one) in the sense that it

02

(& 2

can be written as a truncated expansion in €, F, = M +¢f,+O(e?) with M = (2m)3/2
i

and

2_3
fs:M(pS+us'U+T5|v|2 )?

where pg, ug, Ts are expressed in terms of hg. Moreover, we prove the kinetic non linear
stability of F, under suitable initial perturbations.

We study the Boltzmann equation for the perturbation ® = M~'(F — F,) with the
initial datum

5
D (z,z,v) = Z e"®™ (0, x, 2,v) + ps (1.4)
n=1

where ® (0, , z,v) is the n-th term of the expansion introduced in the next paragraph,
computed at time t = 0, and the e-dependent ps is arbitrary but for having total mass
[ dvdzdzM (v)ps(z, z,v) = 0 and satisfying (3.8).

We write also the time dependent solution in terms of a truncated expansion in ¢

5
O(t,x,z,v) = Za"q)(”) (t,z,z,v) +eR(t,z,z,v), (x,2)€Q,, (1.5)
n=1
where Q, = [—pm, pr] X [—m, 7). The first term of the expansion in € is

2
o) =p' +u! -v+917|v‘ 2_3 ,

where the fields p'(t, z, 2), u*(t, z, ), 01 (¢, , 2) are solutions of the hydrodynamic equations
for the perturbation, with initial datum (u}, 0}). The initial data are chosen as follows: let
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(up, 0}) be an initial perturbations of the convective solution (us, ) sufficiently small to
ensure that the solution (u(t,z, 2),0(t,z, 2)) = (us(z, 2) + u'(t, z, 2), 0s(x, 2) + (¢, x, 2))
of the initial boundary value problem for the O-B (3.1)) equations exists globally in time
and converges to (ug, 6;) as t — 400.

The next orders involve kinetic corrections in the bulk as well as boundary layer cor-
rections. In fact, at next orders, the standard Hilbert expansion bulk terms do not satisfy
the diffusive boundary conditions and boundary layer correction terms are to be included
to restore the boundary conditions. They are computed solving suitable Milne problems
in the presence of a force F and a _source term S. Under suitable assumptions this prob-
lem has z-smooth solutions when F' is a potential force decaying fast enough at infinity
[CME]. We give in Section 3 a procedure to compute the ®,,’s in the time dependent case
and show that they have good enough properties as consequence of the smoothness of the
hydrodynamic solution. In particular, they inherit the smallness and decay properties of
the hydrodynamic solution, such as the exponential decay in time. The main difficulty is
then the control of the remainder R asymptotically in time. The equation for the remain-
der R is a weakly non-linear Boltzmann equation with a source B, generated by the terms
of the expansion. Since it is weakly non-linear, it is enough to get good estimates for the
associated linear problem, which is of the form

9] 1, 0 9] 1
ER + g(vm%R + vzgR) - MG

0
ov,

1 1
(MR) = 5 LR+~ J(®u, R) + B,

where L is the linearized Boltzmann operator, defined in Section 2, and J(®y, R) is a
linear operator depending on the perturbed stationary solution and on the first terms of
the expansion. The operator L is non positive on Ly(R3, Mdv), but has a non trivial null
space Kern(L). The linear operator J(®y, R) is at least of order € but it is the main
contribution for R € Kern(L). The control of the component of R in the orthogonal to
Kern(L) is given by the well known spectral inequality for L (see e.g. [Mal]),

— (i Lf) = C((1=P)f,v(1 = P)f), (1.6)

where (f, Lf) is the scalar product in Ly(R3, Mdv), P is the projector on Kern(L), v(v) =
Jps dvs [, dwsl(v —v.) - w|M(v.). On the other hand, it is easy to check that

(f.J(@u, Pf)) < Cw"2Pf| IV72(1 = P)f].

Using this (and ignoring the boundary contributions) one gets the differential inequality

1d
s = O 1 + [ 189
with || - |22 the norm in Ly(£2, x R3 Mdzdzdv). This produces bounds growing expo-

nentially in time. To avoid this we use a spectral inequality for the operator
L;(f)=Lf+eJ(®y, Pf). The inclusion of the second term in the new operator simplifies



all the arguments in the control of the remainder. The price to be paid is that L; is not
self-adjoint and its null space is more complicated. This inequality is an important new
ingredient for proving stability results in the Boltzmann equation framework. In [ANI]
there was no need to use this inequality to get the global stability result because in that
paper it was possible to take advantage from the fact that the constant C' in the previous
inequality can be taken small, while the parameter controlling the bifurcation can grow
beyond the bifurcation value. In the Rayleigh-Benard setting, there is not such freedom.

To study the hydrodynamic part of R, PR, we use a duality argument which was
introduced by N. Maslova [Ma]. To illustrate how it works, let us consider the typical
equation one has to study in the stationary case

1 0
v - VxR_gGMaUZ

1

with prescribed incoming data at z = 4w, periodic in x. One also considers the dual
equation

1 0
v - Vx(b— EGM@UZ

with vanishing incoming data at z = 4, periodic in x. By taking the inner product of
the first by ¢ and the second by R and summing, one gets an estimate of ||A|| in terms of ¢
and ¢ with suitably small coefficients. For that, we need G small, but we can anyway have
large Rayleigh number by increasing A\. Then one chooses h = PR and thus shows that
| PR|| can be bounded in terms of ||¢|| and ||¢||. The equation for ¢ is studied by means of
Fourier analysis, which provides a good control on ¢ but for the O-moment. The estimate
of the 0-moment is based on a direct approach, by means of rather explicit calculations of
the first few moments of the solution using o.d.e. analysis, for the one-dimensional case.
This allows a reasonably simple analysis when the incoming data are prescribed. Dealing
with diffuse reflection requires more technical steps. This method has been exploited in
[ANT] and has been extended in [AEMN] to the one-dimensional Benard problem, which is
more difficult to deal with because of the presence of the force and the diffusive boundary
conditions. In this paper, we extend the one-dimensional analysis to the two-dimensional
case by using that, both in the conductive and convective case, for R < R (1 + ¢) and
0 small, the contributions due to the inhomogeneity in the x variable are small and can
be included perturbatively. A by-product of this analysis is the extension of the result in
[AEMN] to two-dimensional initial perturbations.

Finally, the control of the nonlinearity requires L*°-estimates (in space), which are
more intricate by the presence of the force. We use techniques based on the study of the
characteristics, which are no more straight lines because of the presence of the force. This
is controlled by looking at the characteristics in the phase space like in [EML] and [AEMN].

The main result of this paper is summarized in the following theorem.

(M) = L5+ h

Theorem 1.1. Assume that the gravitational force is such that G < Gq, with Go small
enough, and X\ € [A., (1 + 0)A.]. Then, there are &y and ey small enough such that for



0 < &g, there exists a positive steady solution Fy to the Boltzmann equation, such that for
€ < €o,
| M7HF, — (M + e f,)] ||22< c€?

Assume also that the initial perturbation matches the expansion up to order €* as detailed in
Section 3 below, and is small as detailed in Section 4. For such perturbations the stationary
solution is stable uniformly in e for e < &g.

Here, stable means that the perturbation vanishes asymptotically in time. This is a
consequence of the inequality

+oo
/ dt/ dzdz/ dv|®(t,z,, z,v)|*M(v) < oo , (1.7)
0 0y R3

which is proved in Section 4, and of the regularity of the solution which follows from our
construction.

The positivity of the stationary solution is obtained by using the methods in [AN4]. We
remark that the method presented here for proving stability strongly relies on the fact that
the problem we are dealing with has suitable stability properties at the fluid dynamic level,
which we show to be preserved in the kinetic setup by means of a perturbative analysis
starting from an Hilbert-type asymptotic expansion plus boundary layer corrections. The
preservation of the fluid dynamic stability at kinetic level also occurs in the Taylor-Couette
case discussed in [AN1], where the bifurcation phenomenon also arises.

The paper is organized as follows: in Section 2 we construct the stationary solution
as a Hilbert asymptotic series in €. For sake of shortness, we choose not to give here the
construction of the terms of the expansion, and refer for that to Section 3, where we show
explicitly the analogous construction in the time-dependent case. We do complete the proof
of the existence of the solution in the stationary case in Section 2, by proving the main
theorem on the remainder. In Section 4 we deal with the remainder in the time-dependent
case and prove the stability result.

2 Stationary case

In this section the stationary case is treated. Here, (and also in Section 4), for sake of
simplicity, we consider a square box [—7, 71]? instead of a rectangular box [—um, ur]x [, 7
and hence the z-derivative in the equation will have a factor y in front.

We write Fy = M(1+ ®%) in terms of a truncated expansion in the Knudsen number ¢
plus a rest term:

5
S (x, z,v) = Zajq)gj)(x, 2,0) + eRs (z, 2,v).
1

The expansion will not be given explicitly here since all the ideas and details are in the
previous paper [AEMN]. We only remark that the construction of the <I>gj )’ relies on the
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solution to a Milne problem with external force given in [CME]. Moreover, we will give
in the next sections more details on the analogous expansion in the time dependent case.
In this section we study the equation for the remainder, beginning with some results on
linear existence together with corresponding a priori estimates. The section ends with an
existence proof for the nonlinear stationary rest term.

We denote by H = L3,(R?®) the Hilbert space of the measurable functions on R? with

inner product (-, -) = (-, M-)y, where (-, - ), is the standard L? inner product and || - ||
the standard L2 -norm, while || - || is the norm corresponding to (-, - ).
The linearized Boltzmann operator is defined, for any f in a dense subset of H as:
Lf =2M7'Q(M,MFf). (2.1)

It is well know that it can be decomposed as L. = —vI + K, where [ is the identity, K
a compact operator and v(v), defined in the Introduction, is a smooth function satisfying
the estimates v4(1 + |v]) < v(v) < wvi(1+ |v|) for some positive vy and ;. The operator L
is a non positive self-adjoint operator with domain Dy, = {f € H | |v2 f]| < +00}.

The functions ¢y = 1,91 = 1, = vy, 02 =y = vy, Y3 =V, = v,, Yy = (v — 3) form
an orthonormal basis for the kernel of L in H, Kern(L). For any functlon in H introduce
the orthogonal splitting f = f| + f. := Pf + (I — P)f, where f is called fluid dynamic
part and is given by

f||IZ’U Zf]wm f] -—(f,'l?bj), j:>0a"'a4>

while the non hydrodynamic part f, satisfies (fi,v¢;) =0, j =,0,...,4. P denotes the
projector from H on Kern(L). Note that the range of L is (I — P)H. We will use the
same symbol for the projections also when dealing with functions depending on z, z,t. We
remind that the operator L satisfies the spectral inequality (L6]).

For 1 < ¢ < +00, let L7 be the Banach space of the measurable functions from [—7, 7]
in H, identified with the space of measurable functions from [, 7]> x R? in R with norm

|| f||q,2=< [ et (- dedz\f(sc,z,v)\q)q) ,

Li=={f:[-m x> xR = R| || f [ls2< +oo}.

Moreover (-, - )2 is the corresponding inner product for ¢ = 2.

2

that is

We also need a function space for the boundary functions. We denote by R3 the sets
v = (g, vy, ;) such that v, = 0. We consider the functions on [—m, 7] x {— 7r} x R3 U
[—m,m] x {7} x R? and define the norm

1S llaz~= = sup </RSi dvlv.[M(v) (/[_m} dx|f (z, 3F7r,v)|q)a> :
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The Banach space L% is the set of such functions with finite || - ||2,2.~ norm. The ingoing
and outgoing trace operators v* are defined by

fli=—r, ifveRY,
,y:tf:{ ‘ +

flo=r, ifveR3.
The function space where the stationary solution will be constructed is the space
Wo™ = {f:[-m a2 xR* S R|vef € L9, v 2Df € L9, vt f € Lt}

Note that the norm || - ||22.~ is defined only for incoming velocities. In the sequel, with
an abuse of notation we will denote by || v~ f ||2.2.~ the || - ||2.2~-norm of Sy~ f, where S
is the reflection of the z component of the velocity.

We do not explain here how to construct the terms of the expansion oY), We simply
state a theorem about their properties. We assume that the Rayleigh number Ra is in
(Rac, Ra. + ¢) with 0 > 0 and sufficiently small and will consider, for sake of definiteness,
the clockwise convective solution corresponding to it.

Theorem 2.1. The functions <I>§”), n=1,...,5 and 1, can be determined so as to satisfy
the boundary conditions

— ]]\\4;((;)) /wzgo |wz‘M[(I>(") (z, Fm, w) — Yne(x, T, w)]dw

+thy e (z, Fr,w), t >0, v, 20,

dM (z, T, v)

and the normalization condition fwx[_ﬂ a2 dvdzdz®™ = 0, so that the asymptotic expan-
sion in ¢ for the stationary problem (I.1)), truncated to the order 5 is given by

5
Fs(ewp)(x’zjv) = M(v) <1 + Zg5q>(n) (x, z,v)) .
n=1

The functions ®™ s satisfy the conditions
| o™ |2.2< 00, || ™) lw2< oo, m=1...,5.

Moreover the ®™ s differ from those of the laminar solution by O(6).
The functions ¥y, . are such that || ¥ncllq2.~, ¢ = 2,00 are exponentially small as e — 0 and
Jgs dvv. M (v)ip, . = 0. Finally, there exists a stationary solution to {L1) in the form

F, = F*?) 1 ¢R,..
The remainder R ., simply denoted by R solves the boundary value problem

9 9 LOMR) 1 N 1)
R+ v.-R — cGM o _gLR+;e J@9D R+ J(R,R)+A (22)




Mz (v)
M(v)

1- 1-
R(I’, +m, U) = / < |’LUZ|M(’LU) (R(ZZ}', +m, ’UJ) + gwe('xv +m, ’UJ))dU) - g¢€(x7 +m, U)v
W, S

forv, 20 and x € [—m, 7| (2.3)

_ 2
where éwa = — Zi:l e, J(h,g) = MQ(Mh> Mg) and A is a smooth function bounded

in || - g2, ¢ =2, 00, such that/ dvM(v)A = 0.
R3

We do not give here the explicit expression of A for which we refer to [AEMN]. It has
to be considered as a known term in the rest of this section as well as the ®U)’s. The
terms of the expansions contribute to A together with their space and velocity derivatives.
It suffices to know that it has finite || - ||;2-norm. Note that M and M_ differ just by
the normalization and that the 1, s are known functions exponentially small in € due
to the boundary layer corrections in the expansion. With these boundary conditions the
remainder satisfies the impermeability condition

/ dvvo,MR =0 (2.4)
R3

at the walls.

Now we start the analysis of the equation for the remainder R. The first important
result is a spectral property for the operator L; below: fix z, 2z and define, for each f € H

L;f =Lf+eNPf, (2.5)

with
5

N=J(g-), q=>» &',
n=1
Note that in the time-dependent case the form of ¢ will be slightly different but without
affecting the argument below.
The operator L is not symmetric in . We denote by L% its adjoint. To characterize
the kernel of L;, Kern(Ly), note that the functions

&j = Qﬂj — EL_lNij, (26)

are in Kern(L;), where, for € (I — P)H, L™'f denotes the unique solution of Lg = f
orthogonal to Kern(L). In fact, L;¢; = Lip; — eNPt; + eNPy; — 2 NP[L'NPy;] = 0,
because v; are in Kern(L) and the last term is zero since P kills the terms in the range of
L=

It is easy to check, by using (IL.6]), that, at least for ¢ sufficiently small, they actually span
Kern(L,). Indeed, suppose that there is g € Kern(L ;) with ||g, || = 1 such that (g,;) = 0.
This implies g = £ Y7_(g1, L™ Nb)b;. Moreover, 0 = (g, L;g) = (g1, Lg1)+e(gr, Ngy).
Therefore by (L), C < —(g1,Lg,) = &> Z?ZO(QL,NQ/J]')(QJ_,L_IN’(/J]') < ag?, for some
positive a independent of €. This is in contradiction with C' > 0 for ¢ sufficiently small.
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Let P; denote the orthogonal projection onto Kern(L;). Since the range of L; is
(I — P)H, it follows that Kern(L%) = PH = Kern(L).

Consider the space N generated by {1y, ..., %4, L' Naby, ..., L=' N1, }. We decompose
this space into Kern(L;) and its orthogonal complement in A, L.

Moreover, (I — P)H can be decomposed in the span of { N, ..., Ni,} and its orthog-

onal complement, L,. It is easy to check that
H =Xern(L;)® L, ® L.

Indeed it is enough to show that Ny, ¢ = 0,...,4 is a combination of L™'Nt;’s and
u € [_/O:

4
N¢zzzag,jL_lN¢j+u, (N’ka’u>:07 67]{;:07”"4'
7=0

We take the inner product with Ny
4
(N, Nobe) =Y~ ap(Nby, L Ny,
=0

The matrix with elements (Nt;, L' N1)) is non singular, hence the ay; are uniquely
determined, and u as a consequence.

Proposition 2.2 (Spectral gap property of Lj). There is ey > 0 such that, for 0 < e < &y,
there is ¢ independent of €, (x,z) and §, for which the following inequalities hold:

_(LJQ0> SO) Z C(V(I - PJ)@? ([ - PJ)@)? (27)
—(Lyp,0) > c(v(I = P)p,(I — P)p) (2.8)

Proof. First take (z, z) and the Rayleigh number fixed. It is then enough to consider the
set H of all functions ¢ = (I — Py)p = ap, + byy, where ¢ € Ly and ¢, = (I — P)y,
€ L,, and with v2yp, and ¢, of norm one and a2 +b? = 1. First notice that (v, p) is
uniformly bounded in H. It remains to show that the left-hand side has a positive bound

from below. But ¢, can be decomposed as a sum of an element ¢1; in Kern(L) with norm
of order ¢, and an element L™'N¢j, in the span of {L"'Ny, ..., L"* N4, }. Then

—(ng07 SO) = — <CLLQ00 + bNS012 + bENSOll, aP, + bS011 + bL_lNQD12>
= —a*(Lg,, po) — b*(N1a, L' Np1a) — eb?*(Nep1y, L' Npys)
> C(a*(Vg,, po) + V(L Np1a, L' Nip12)) + eb*(Npy1, L' Nopya).

The first equality follows from the fact that ¢, is in Kern(L) and is orthogonal to the
range of L; the second equality is due to the fact that (o, Ne12) = 0 = (0, Np11) by
the definition of L,; the bound (IL6]) has been used to obtain the inequality. Since the last
term is of order £2, it follows that for € > 0 and small enough

C

—(Lyp, ) > g(az(vm, ©1) + V(L7 Npg, LT Ngpp)) > ¢
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for some ¢ > 0. The first inequality in the proposition then follows, since the constant
depends continuously on (z, z) and the Rayleigh number is in a compact set. The second
inequality is obtained by similar arguments. [

We only consider Rayleigh numbers in a suitably small neighbourhood of the first
bifurcation point, and take G sufficiently small as specified in the sequel. Constants which,
independently of the parameter €, can be made sufficiently small for the purposes of the
proofs, will generically be denoted n. We will first give estimates in the linear case. The
argument is inspired by the approach in [Ma] and heavily relies on the study of the space
Fourier transform of R. We use the following definition of Fourier transform: for any £ € Z

FO =g [ drers(a)

When we want to specify that the Fourier transform is taken with respect to the vari-
able z we write F,. In the sequel, if f is a function of (z,z) € [—m,7]? f(gx,gz) =
(FoF.f)(& &,). Finally, if f is a function of z, z and v, we define < f > as the zero order
Fourier coefficient of f, that is

< f>= #/{ . f(z,z,v)dzdz, a.a.veR? (2.9)

and fi=f — < f >.

An important tool in the analysis is the Green inequality, which we will use extensively
in the rest of the paper in various different situations.

Consider the linear boundary value problem

of of L O0Mf) 1

with [ Mgdv = 0 and prescribed incoming data
flz,£m,v) =p(x,£m,0) v, S0 (2.11)

Due to the presence of the force GG, the argument requires some care. We introduce
k(z) = ¢€“CH) - Then we multiply (2.10) by 2fM#, integrate over [—m,7]? x R?, and
integrate by parts to get the Green identity

1 1 1
| 627 f 32~ —g(ﬁfa Lyf)az = (kg, f)22+ [|57p|30.- (2.12)

Apply the spectral inequality (2.7) to obtain, for small 7

c

2e
11 1 1 1

<cle || w2v72(I = Pr)g lls2 +n || K2Psf |5, o | 62 Psg |52 +ll#52pll5,,{(2-13)

i _ 11
I K29~ f l5am +o- 6202 (T = P)f I3,
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Finally, since 1 < k(2) < e*™ we conclude that, for some constant C' it results:
_ (& 1
1975 B +5o I3 = RS I
_1 1
<C(= v = Pig 40 | Pf 1o+ 1| Pog s +lplan ). (214

Inequality (2.14) and its variations will be referred to in the rest of the paper as Green
inequality and used extensively, with L% replacing sometimes L;. In the last case the
projector in the r.h.s. has to be replaced by P; = P.

Lemma 2.3. Let ¢(x, z,v) be solution to

dp Oy 1 O0(My) 1
Ly, — e GM T S , 2.15
U@x+v 0z c ov, € 1Pt ( )
periodic in x of period 2w, and with zero ingoing boundary values at z = —m, . Then, for

some small n
| A= P)p e <C(e | v73(I = P)g llsz + || Py llsz +n2 [I< Pio > ) (2.16)

_ L 1
| Polba < O30 = Plglloa +< [l Pg llaa +nll< P> ).(2.17)

Proof of Lemma 2.3 The method from [Ma] (a variant of [Ma] Scn 5.3) can be adapted
to the present setting to obtain the existence of a solution to (2IH), if one includes the

above spectral estimate for LY, and the new characteristics curves due to the force term.
We write (2.I5) in Fourier variables. For £ € Z? — {(0,0)},

. 1-— LO(M@ X
i1 Epvp + E202)9 —L* +eGM™ (m(p) +§ = (=1)%[u.lr. (2.18)
Here
_ fm(ﬁ(gmaﬂ'av) for v, > 0, (2'19)
Fep(&y, —m,v)  for v, <O0.
Introduce

.5 —— oMep) .
v = (g, v.), ©=¢, Z=¢c 'Lyp+eGM™ (8U ¢)+g — (=1)%v.]r,

Z=e'Iho+g— (-0 lr, Z =e'Lip+g, U= o")

Let x be the indicatrix function of the set {v € R® | | £ - v* |< €|}, for some positive a
to be chosen later. Let (,(v) = (1+ | v |)®. For £ # (0,0)

I P(x®) |

dvx (&, )M (v)ih;(v)

<l Cax® | Z I xCths 1< ev/a || ¢oax® || -
j=0
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We use this estimate with the following choice of a, a =|| (_® || 71| (- 2" ||

We also introduce an indicatrix function y; with a = v/6;. We fix ; so that Vo, << 1.
Then we find from the above estimate that the P-part of the right-hand side, || P(x1®) ||,
can be absorbed by || P(x1®) || in the left-hand side. The estimates hold in the same way
when Y is suitably smoothed around /9;|£|. For the remaining x“x¢® = (1 — x)(1— x1)®
we shall use that ® = —UZ. Then

c.c c.CT] CH \/|'UZ|T ||2
I POXx“®) 17 <l CoaaxSxU 1P ¢ 2" |12 e +¢G|O|

oo el /R 2
< 2|12+ + GO,
< ey | 7 g Gl

G Zi/wjﬁx“ 20 (/w] XEXE( )Mdv)*-
=0

We replace a by || (_s® || 7| (_sZ’ || in the denominator. That gives

with

2
v, lr
| o 2< o] ¢ Il o2’ || =TI 5y e = Pya i) + <o),

o1€]?
Hence,
2
) v,|r
[ PP <e((| Po] + [ Coll ~ P2 ) || ' | +WT2”
01 [ CoI = P)O | ) +<GlO).
Consequently,

2
el <c(cz P+ b - pe ez

1 oI = P)@ | ) + el

We next discuss the term eG|©]. The first integral can be bounded by ¢ times an integral
of a product of M, 1+ .|, a polynomial in v, | ¢ | and U or U?. So this factor is bounded
by ec || @ ||. And so,

2
a e VIR ey
| Po P (Il ¢ P +-5 2+ = P2 )

Therefore for £ # (0,0),
[1Pepeomas <51 C0TRE) P+ 1 - PR )|
Vel

e e 1) (220)
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We remember that the zero Fourier mode of ﬁfp is zero by definition. Hence, taking ¢ small
enough and summing over all 0 # ¢ € Z2, implies by Parseval and the spectral estimate
on L%, that

/(ﬁp)z(at, z,v)Mdvdxdz < 0(2—2/1/((] — P)o)?(z, z,v)Mdvdzdz

+/1/_1g2(at, z,v)Mdvdxdz+ || v~ ¢ ||§,27~ ) (2.21)

Inequality (2.14)) implies (2.16). Replacing (2.14) in (2.21]) gives (217, and this concludes

the proof of the Lemma 2.3 []

Remark. The statement of Lemma still holds if we replace the operator L% with
the operator L; and the operator P with P;, with some minor modification. The main
change is due to the fact that one has to use the basis functions in Kern(L;) namely the
1;’s, instead of the v;’s. They depend on (z, z), therefore we fix a point (g, 20) and use
the ﬁj’s computed at this point and the corresponding projector Pjy. Then the argument

of the proof can be repeated word by word. At the end, we replace Pj;y with P; since
PJ—PJOIO(E).

Put H(R) =>"_, 5”_1J((I>g"), R) and decompose H in accordance with the operator L.
Set Hi(-)=H(-)—J(q,P-). We notice that H;(-) is of order zero in € and only depends
on the nonhydrodynamic projection (I — P).

To pass from the linear results to the non linear case we will use an iteration procedure
that will lead to Theorem 2.9 below. To separate the difficulties coming from the non linear
term and from the boundary conditions, we split the remainder R in two parts, R; and R,
solutions of two different equations. In the equation for R; the boundary conditions are of
given indata type and the nonhydrodynamic known term is included, while in the equation
for Ry the boundary conditions are of diffusive type and the known term is absent. The
equation for Ry will be given later (see eq. (224)). We start with a discussion of the
equation for Ry,

0R, OR, OMRy) 1

p— F V— —eGM ' = _L Ry + Hi(R , 2.22
PV +v 5, ¢ a0, ~L 1+ Hi(Ry) +g (2.22)

1-
Ri(z, Fm,v) = —gw(x, Fm,v), v, =0.

Here R; is periodic in x of period 2w, and L; = L(-) + €J(q, P-) has been introduced
earlier. An existence proof for this problem can be obtained similarly to that for ¢ above.
The nonhydrodynamic part of R; is estimated similarly to the corresponding proof for
Lemma [2.3]

c
2e2

_1 n 1 1, -
<C( 12T =Py 3o+ | PoRu a5 1 Pog 3o 45 110 3 ),

1 _ 1
g 7" Ry 300 +55 12T — Py)Ry |35
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for small > 0. Here we have used the fact that
|(Ry, Hi(Ra))oa| < C(| v3(I = Py)Ry 35+ || PyRu |I3,).

A priori bounds for P;R; will be based on dual techniques involving the problem (2.13]).
Consider first the problem for Ry without the term H;(R;). It holds

Lemma 2.4. Set h := P;R,. Then there is 69 > 0, such that for 0 < § < o,

1 1 1 -
1A 32 Ol v™2(I = Py)g [I3 +5 1 Pag 15,2 5l I3,2,~)-
Proof of Lemma 2.4l The function R; is 2m-periodic in z, and here solution to

OR, 0R1 10(]\4 Ry)
s ox T 0z sGM™ ov,

1_
Ry(z,Fm,v) = —gzﬂ(:c, Fm,v), v, =0.

1

Let ¢ be a 2m-periodic function in x, solution to

, 9, 0p (M)
e — eGM™?
"oz "8, dv.
with zero ingoing boundary values at z = —m, 7.
We consider the equation for Ry multiplied by Mk¢ and the one for ¢ multiplied by
MkR; and add them. After integrating on [—m,7]? x R® and integrating by parts, we
obtain,

—L* 1 h,

O(Ryp)
ov,

1
+g(1 — P;)R\Ly-(I — P)p + Kgo + /‘thl]-

/ d:cdzden(%(szlw)—aG ) / dmdzdem[ (I — P)pL,(I — Py)R:)

Using again the bound 1 < x < e?™¢

K1
A1l

and the assumption h = P;Ry, this gives

1 _ K3 1
| v~ R ||22~ K, |7 ||§,2,~ +? | v2(I — Py)Ry ||22

1
5z 1A= Pl
2

1 1 K 1
+§;nwu—Pw@2+7wvzu—amﬁg+

1
o e I

for arbitrary positive constants K, j = 1,...,4. It then follows that

g? L2 Ko 2
+2—K4 |20 |32 +7 | Prg [l22 + || % ||22+

Kl K3 0 _1
1A 3% iz +2) ¢ 122~ +(€K1 + Ky + Kze) || v72(1 = Pr)g |22

1 1 1 1 K, Kj
h — + K || Prg |3
K, + 2K, + K K, ) | ||22 ( + m + K>) || Prg |52

2
i 1
+(mE1 +mKs) || b3, +77(Kl + f + f + f) < Po >3 .

+(
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For an estimate of the final < Py >-term when G is small and the Rayleigh number for
the rolls lies in a neighbourhood of the bifurcation point, we may apply an exact, direct
approach based on ordinary differential equations. Namely, < ¢ >, (-) := [p(z,-)dz
satisfies a 1-d stationary laminar given indata problem, similar to eq. (3.5) in [AEMN]. The
present case is different from the one in [AEMN] because there will be new contributions
coming from the terms in the expansion depending on x, for example the term ¢ in the
J-term. Since the first order of the £ expansion is of order §, the same is true for the higher
order (in ¢) terms. The new contributions can all be considered as deviations from their
z-independent values at the bifurcation point, hence are of order 6. We include them in
the estimate as 7 || ¢ ||2.2, 7 small, and obtain

<Py >lla  <cll<Pp>uflao<elll< Po>all2a +e | ¢ [l22)
c c
<z lI<h>allzz +n @ llae< 2 TR llzz 40 1l @ fl22 -
For details cf Lemma 3.5 in [AEMN].

Choosing € << 1, then K; and K3 (resp.K>3) of order e=! (resp. £€72), n; of order €, and
using Lemma 23] the inequality of Lemma 2.4 follows. [J

Remark. From here on, small factors 7 in the estimates will depend also on the small 9.

In the following lemma we get the final estimates for R;.

Lemma 2.5. If Ry is a solution to the system (2.22), then
1 1 1 3, -
| V3R e < e( 17730 = Po)g llae += Il Pog llaz +73 | flaa ).
1 1 1 1 1 5o, -
|75y ez < e(2 17730 = Po)glloa +5 | Pag llaz +2 | v73g o+ 16 [z )-

Proof of Lemma 2.5l Consider first the solution to (2.22)) with H; = 0. It satisfies

— -1 1
177 R 22~ 472 [| v2(1 = Py) Ry [|22<
1. - 1 1 1
(219 o +ed 173 = P oz o | oy llz 4o Pag Iz ).
1

for any n; > 0. By Lemma 2.4 and some additional computations using the solution
formula,

1 1 1 1
| 72 Ry (oo 2< C(g | V2R [l22 +e || V729 ooz + | V7 R |22~ )

It is easy to see that adding the term H;(R;) does not change the above results. That
proves the lemma. [
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Now we study Rs , the other part of the remainder. Denote by

M. 1-
f(x,Fm,v) = ﬁ(;;) /wz>0 (Rl(x, Fr,w) + g@b(z, :FTI',UJ)) lw, | Mdw, v, 20,
the incoming data for Ry which is solution to
OR; ORy 18(MR2) 1
MU, aZL' + Vy— az GM avz = gLJRQ -+ Hl(Rg), (224)
Mz (v)

Ry(z, Fm,v) = [~ (x,Fm,v) + / Ry(z, Fm,w)|w,|Mdw, v, Z0.
w,<0

M(v)
Existence and uniqueness for (2.24]) follow as in the laminar case, cf [AEMN]. The following
a priori estimates hold for Ry. By Green’s formula and the definition of Hy(R2) = Hy((I —
P )R2)>

- co1
1y R 32, +- [l vE(I = PRy 22<II 7" Rz 2.~ -

Here we face a problem of diffusive boundary conditions. The ingoing flow is given for ¢
and for R; but not for Ry. The following bound is proved as in equation (4.23) in [EML],

ZF/ v, Ry (z, &7, v)dv < can/ |v.| M R3(z, 7, v)dv
R3 vz 20

—l—i [0, | M (f~ (2, £7,v))dw.

En 12 S0

The computation in [EML] has to be adapted to the fact that the boundary conditions for
Ry are not purely diffusive but contain the given data f~. From Green’s formula we have
also

C 1
;1 || VQ(I - PJ>R2 ||§,2S / ((’UZ,Rg(ZC, —7T,’U)) - (UZ,Rg(LU,ﬂ',U)))dSL’.

Then, using the previous bound we get for any n > 0,
C 1 1 _
;1 | v2(I = Py) Ry |[3,< 06772/ 02| MR (w, £, v)dwdv + p I~ o - (2:25)
+ vz 20

We need to estimate the terms involving the outgoing parts of Ry in the r.h.s. in terms
of ||Rall2.2 and || f~||2.2,~. This is done separately at £7. We start with 7. Consider the
equation for Ry, multiply by kM Ry and integrate in velocity over the region v, > q. Then
integrate over space, using a smooth cut-off function x(z) which is 0 in a small interval
close to —m and 1 close to 7. Finally, integrate over ¢, for gy < ¢ < 0 and ¢y small enough.
We get

/ dq/ dv/ dzv,k(T)MR3(z, 7, v) < — 1q° | v2(I — P;)Ry [
v, >q —Tr
—/ dq/ dv/ dzdzk(2)X (2)v.MR3 4 ceG || Ry ||§2 )
v, >q Lk
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The term on the lL.h.s. equals

0 T
Claol |7 o o+ [ da [ do [ dwo.t R, 0).
q0 q<v:<0

—Tr

Here in the last term we can replace Ry by the ingoing boundary data so to estimate it as

0 - .
/ dq/ dv/ da:[M+/ dw/ dxszRQ(a:,ﬂ,w)+Mf—(7r)}2
q0 q<v><0 - w;>0 -

<cla) [ 7 Re 320 + 117 22 ],

with ¢(qo) = o(|qo]). Adding a similar estimate at —m gives

_ c . 1 _
|77 Ry |3 < = v — PR 52 +C | f~ 32~ +C |l PsR2 1I5, - (2.26)
Replacing in (2.25]) we get
1 1 c _
C v = Pr)R, [152< enC || PsRs |3 o I 12 - (2.27)

We shall next prove an a priori estimate for the hydrodynamic part of Ry. First we
consider the 1-d (z-independent) case and then include in the argument the missing terms
which, as explained before, will be of order 9. The extension of the 1-d results to the 2-d
case will be based on perturbative arguments in 6. To take into account these terms of
order § we add to the right-hand side an inhomogeneous term g; with [ Mg;dv = 0, which
will be of use later on in the proof of Lemma [2.7]

Lemma 2.6. Let Ry(z,v) be solution of the 1-d problem and f~ be defined as before,

UZ% _cay-1OWMERy) ELJRQ +H(Ry) + g, (2.28)
0z ov, €
M.
Ry(m,v) = =) / Ry(m w)ws| Mdw + f~(Fm,0), v, 2 0.
M(U) w, S0

If g1o = fR3 dvMg, = 0, then it holds that
c _ _1
I PRy 5,< S Is o+l 7200 |15 -

Proof of Lemma 2.6l Here, L; is generated by a function ¢, independent of x, defined by
¢ = q+ O(0). In the same way, in the term H; we retain only terms of order zero in 9,
which are independent of z, and include the remaining terms in g;. In this way we reduce
the equation to a 1-d equation with a given term.

Consider equation (2.28) for Ry = F.Rs, the Fourier-transform in z of R,. It satisfies
the equation

0.6 Ry — aGM‘laa (MRy) = 'L, Ry + H\(Rs) — var(—1)¥ + 1 (2.29)

z
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with 7(v) now denoting the difference between ingoing and outgoing boundary values,
r(v) = Ra(m,v) — Ra(—m,v). (2.30)

For &, # 0 we use the method of Lemma [2.3] with L instead of its adjoint. Consider the
ingoing boundary values as known, and follow step by step the proof of Lemma 23] with
obvious changes. Let Ly be the operator defined in (2.5) with ¢ taken at a fixed (zo, 20).
Define Pjy as the orthogonal projection on Kern(L o). We reach the analogue of (2.20),

[ 1Pafa(€e) M < O(5 1 o) ErRatéen) |2 + 1| (2 = Pro)Fa(6er) P
| Prolxixvr) |
51|§z|2

For an estimate of the r-term, we express it with the £, = 0 term in the Fourier series for

2.29),

1 ——
v,r(v) = ELJRQ(O,'U) +eGM™

_|_

v R, ) 1P + v (R () ). (2:31)

ai (MRy(0,v)) + 61(0,0) + Hy(Ry)(0,0).  (2.32)

Inserting this into (231]), and summing over £, # 0, results in

1
/ (PyoRs)?(z,v)Mdvdz < 0(5—2 / V(I — Py)Ry)*(z,v)Mdudz
+/1/_1g%(at, z,v)Mdvdz + €% || Ry ||§2 )
We are left with the Fourier component PJORQ(EZ) for &, = 0. Estimate separately the
(I — P)-component and the P-component of PyoR(0,-). For (I — P)P;Rs(0,-) we obtain
| (I = P)PsoRs(0,) |< Ce(|| (I = Py)Ry |l22 + || PrRa |l22).

The P-moments are the more involved and will be discussed each separately. We start
from the v,-moment of R(0,v). Multiply (2.28)) by M and integrate over z € [—, 2] and
v. Since g19 = 0, we have

/UZMRg(z,v)dv = [ (=mv)v,Mdv .
v, >0
Given two functions h(v) and f((+),v) we use the notation f,(-) := [dvh(v)f(-,v).
In particular, for h =1;, 7 =0,...,4, we also use the notation f;. We have

| Ry (0)] = ' / 0, MRy(z,0)dvdz| < C || £~ |la~ -

To estimate the moments of R,(0,v) we use the identity

Ro(0,0) = A= RBy(&,0)(~1)%, (2.33)
£:#0
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where A(v) = w(Ry(m,v) + Ro(—m,v)), which follows from
Ry(7,v) + Ra(— Z Ry(E.,v)(e™ 4 7™,
EZGZ

by solving for the £, = 0 coefficient.
We write A = 27 Ry(—m,v) +7r(v) for v, > 0 and A = 27 Ry (7, v) — 7r(v) for v, < 0.

We consider first the ¢4-moment of fZg(O, v), denoted by }?24. We notice that
1
V6

where R = (1 — P)Ry and A and B are nonhydrodynamic solutions to

Rauza(0) = 2 Faa0) [ o202 Ao+l 500), (2.34)

L(v,A) = v, (v* = 5T), L(v,v.B) = v,v.. (2.35)

Hence, we are left with the control of R2U2 4(0). For that, we use (2.33). A multiplication
of m with Mv2A followed by a v-integration, gives

R2UEA(0) = AUEA - Z R2UEA(£Z)(_1>§Z
£#0

Let us first consider the contribution A 5. Using the relation A = 2w Ry(£m, v) F7r(v)
for v, = 0, we notice that the first part it is computed in terms of the outgoing flow and
then can be bounded in terms of [ dvv?AM f~ and fvzzo v2ARy(£m,v)Mdv. Then, we

multiply (Z28) by Myv.A and integrate over v, > 0 (similarly at —7) , to get the bound

_ 1
| v ARy (£, 0)Mdv P< || PyRy [loz +e(5 | (T = Pr)Rs [l + | v g [32) -

1220

The second part, namely the v2A-moment of the 7r-term, is estimated as before using

2.32). )
In order to control Ry, 4(§) for & # 0 we take the inner product of 229) with v.A

((1)Srps e (2A, Ro(E) + G / O (0. AV M Fop(€.) v

81)2(
= (A, Tl€) + 104(6) + (04, (R (E:),

Hence

5 _(_1)&. ) ﬁ/@
R2v§A(£Z) - é—z ry24 + é-z 8'[12 Uy

g' Groals) - §<UZA, H(R)(E.)).

z

A)M Boy(€.)dv — %(va, LR (E.))
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Combining this with (2Z33) and noticing the pairwise cancellation of the r-terms with
positive and negative &’s, gives

« 1 1 _1
[Rauza(O)]* < el w2 (T = Pr)Ra 5o + 1 v72 910 32 +0 1 PrRa (152,
and so using (2.27) and (2.34))
. 1 _1 _1
[Rau(O)F < el v (I = PRy llao + v 2000 50 + 0 Il PoRa I3,

1 _ 1
< 0(8—2 1 3+ v 2g10 52) + 0l PrRy I35 -

The v,- and v,- moments are analogous to each others, so we only discuss the former. This
can be treated similarly to the previous Ry, (0) case but with A = 27 Ry(Fm,v) & 7r(v),
v, S 0. The 27 Ro-term is now ingoing, and its inner product with v, gives zero. The
mr-term is estimated as before. For the sum in (2:33)) of the other Fourier coefficients, we
notice that Rgvx &) = 1%21,3% (&) — R, 1020, (§), and we can proceed as before. Since PP;R,

differs from PR, by terms of order € which are already under control, we can summarize
the results so far as

[ (1, OF + R, O)F + R (0) + R, (O)F) (2.36)

1 _ _1 A
< c(? 13+ v g1 32) +nll Re |3, -

Finally for the Ry(0)-moment, start by considering (Z28) with the new boundary
conditions

Ry(—m,v) = f(—m,v), v, >0, (2.37)

ey —J (=mw)jw w)dw, v
Ve [ [etmw) - o (m ) M), v < 0

Ry(m,v) =

The new boundary values are constructed in such a way that [ _j Ry(—m,v)v.Mdv =0
and this property will allow the new boundary conditions to be equivalent to the old ones.
In fact, since fvz<0 M, (v)v,dv = —1,

/R v:Ry(m,0) M (v)dv = /UZ<OUZRQ(7T,U)M(U)CZ@+ / v, Ro(m, ) M(v)do

v, >0

v, >0

:_/ >sz[R2(7r,w)—f_(—w,w)]M(w)dw+/ v, Ro (7, v) M (v)dv
:/ >0wzf_(—7T>U)M(v)dv.
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Existence and uniqueness for the new problem are well known. We shall verify that the
new problem also satisfies the old boundary conditions of (2.28) . At z = —m, for v, > 0
the new ingoing boundary condition for Ry is Re(—m,v) = f~(—m,v)), which coincides
with the second equation in (2.28]) since \/ﬁfwz<0 Ry(—m,w)|w,|Mdw = 0. At z = 7 the
new ingoing boundary condition is

Ry(m,v) = M_1M+/ [Ro(m,w) — [~ (=7, w)|w, M (w)dw, v, <0.

wy>0

This coincides with the old boundary condition at 7, given by the second equation in

([2.28), that is with

Ry(m,v) = f~(m,v) + M_1M+/ Ry(m, w)M(w)w,dw, v, <0,

wz>0

provided that

f(rv) = MM, / £ (=, w)w, M(w)dw, v, <0,

2>0

or, recalling the definition of f—,

/ (R (m, w) + M)M(w)wzdw = / (Ri(—m,w) + M)M(w)wzdw.
wz>0 € w,<0 €
To check this we note that from the assumption that the inhomogeneous term ¢ in the

equation for Ry is such that [, dvM(v)g(v) = 0, it follows that
(vz, Ra(m, v)) = (v, Ri(—=m,v)).
Then, using the boundary conditions for R; this becomes
M) Ry (7, v)v.dv — M(v)%

v, >0 v, <0

+ M(v)%(w, v)(—m,v)v.dv — M(v)Ry(—m,v)v,dv = 0.

v>0 v, <0

(m,v)v,dv

Using (¢(&m,v),v,) = 0, the claimed equivalence follows. Thus Ry with the new boundary
conditions equals the unique solution to (2.28)).
We write ([2.28) with Ry = Rek(z). The left- hand side becomes

K (z) (vz ok, _ 5G8R2).

0z ov,
Multiply the equation for R, by Mv,r(z) and integrate over [—m, z] X R3. The Lh.s. gives

/Ré(z,v)MU?dv—/Ré(—w,v)Mvgdv
—5G/ dz’/R’z(z’,v)Mvgdv%—sG/ dz’/Ré(z’,v)Mdv.
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2Ry
V6
over [—m, ] we control |Rs(0)| in terms of known quantities plus terms bounded in the
| - [J22-norm, multiplied by a factor e, and the integral [ Rj(—m, v)Mv2dv. The contri-
bution due to the incoming part is given by f~. Therefore, we need an estimate of the

Since / dvv?RyMdv = Ry + + [ dvv?Ry Mdv, by integrating the equation again

outgoing boundary term / Ro(—m,v)Mv?dv. To do this, we repeat the steps above but
v, <0
this time integrate over {[—m, 7] x R3 v, > 0}, to get on the Lh.s.

/ Ry(m, v)Mv2dv —/ Ry (—m,v)Mv2dv
v, >0

v, >0

—EG/ dz'/ R;(z',v)Mdeijz—:G/ dz'/ Ry(Z',v)Mdv.
—7 v, >0 -7 vz >0

Since R, solves the problem with modified boundary conditions, the incoming part in
—m can be bounded by || f7||2,2,~. Therefore we get an estimate of/ Ry(m,v)Mvidv in

vz >0
terms of the norm of f~ and again quantities bounded in the || - ||22-norm multiplied by a
factor e. To obtain the estimate of [ _j Ry(—m,v)MvZdv, we integrate over [—m, 7| x R?.
The final estimate is
A 1 _ 1 1 _1
[Bao(O)l < e |7 lloe +2 w2 (T = Pr) By 2z 0 || B2 llz2 + [ V7201 l22).
By combining with the other moment estimates (2.36), and using (2.27), we obtain that
C oy o, 1

I PrBa (0= 5 7 e + 1107201 [l2 (2.38)

This completes the proof of the lemma. []

Based on this 1-d analysis, it follows in the 2-d case that
Lemma 2.7. The solution Ry to (2.28) satisfies

1 _
| PsRs [|32< e I/ I3~ -

Proof of Lemma 2.7 Consider equation (2.28) for the Fourier transform in z,z of Ry,
R2 = fxsz%

(e + € By = LBy + 2 PO, 4 TR e, ) (-1, (239
r(gﬂm 'U) = f:{:RQ(g:ca T, 'U) - f:{:R2(§x> -, 'U)~ (240)

In the case & # 0, & # 0 we can reach, as in the case of Lemma [2.6] a bound
like (Z3I). If we consider the Fourier components with ¢ large, we see that in (2.31])
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the r-terms are multiplied by a small number for ¢ large and then can be estimated, by
using (2.26), by n || Rz ||2.2, with a small n, plus the earlier terms. We notice that in
the case & = 0, equation (2.39) reduces to (2.29). Hence, we can apply Lemma to
fZg(O, §,,v) = [ Ro(x, z,v)dz and, taking into account that g; is of order 4, get a bound for

the Fourier components PJRQ(O, £.), for 0 small. The remaining components in the case
& # 0, &, €, bounded, can be estimated in the following way:.

We start from the moment R, . Notice that r,_(£,) = fv‘z (&), where f~ is the function
defined as

- JFE )& T) for v, <0,
f(&v) = {(fxf_)(é-x’ —m,v) for v, > 0.

Hence, by integrating (2.39) we obtain
6o Bas, (&, 0)] < C|f,(€)-

Then, we look for a bound for R%Z (&,,€.) when &, # 0. We use the function B introduced
in (2.35), B being the solution of the equation L(vxsz) = U, U,.

We have (v2v,B,Ry) = (W*0,B,(I — P)Ry) + (¢, v,02B)(1y, Ry), where 9;, j =
0,...,4 are as usual the vectors of the orthonormal basis in Kern(L). We multiply (2.39),
written for £, = 0, by v2B — (1., v,v*>B) and integrate over velocities. We first use the
relation so obtained for ¢, = 0 and obtain,

ras€)l < e v EL(T= P)Ro(60) 1 +2G || Ral&e,0) Il +1fin(62)

+ 1| vy (Ro) (€0, 0) [l2 + || (T = P)Ra(&x,0) [J2),

having used the fact that |r,,| < c|f,-|. We use again that relation for £, # 0. Since
(v3B, Ry) = (v3B,(I — P)Ry) + (Ra,%.)(1.,v3B), we obtain in this way an expression
for SZRQUZ(&C, £,), for &, # 0, in terms of quantities under control, since with the previous
subtraction we have removed from the equation the term (1, RQ) As a result, for &, # 0,

611 B (68| <C(C v LT — P)Ra(6n &) |
(R (6, €0) | e I Rl ) |
F2 LT P)Ry(6,0) [+ | o6 0) |

| v (Ry) (&, 0) ||+l I (&) 1),

Notice that the last term is bounded because £, is bounded in this part of the proof, the
terms with & large having been estimated before.
In the same way the v,-moment can be controlled when &, # 0,

1] | Rav (60, 62) | < c@ || u—%LJ<i\&>R2<§x,§z> |+ | v Hi(Ro) (6 &) |
te || R(&, &) |l +— | v 2Ly (I — Py)Ra(£0) |12 +¢ || Ba(&,,0) |
3 Hy (Ro) (€, 0) || +1£52(62)])-
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For the v,-moment R, (&2, 0), by using the proof of Lemma 2.6

| Rou. (€2, 0)] < c(|| F7 (&) | + || FoRow, (&) |-

To proceed, we observe that

1 1 e 1
| Fotan, (&) | < C(Z0C v LT = P)Ra(ar &) )3
1

(Y v (R (s &) 17)2 + (30 || Raolénn &) 1172
& &,

o V3L (T= Po)Ra(e,0) | e || Bale 0) Il 41, (€]
+ v (R)(E0) | ).

And so,

Bonc (@0 (11776 42 1 Ba oo+ (X | v LT = P Rales €)1}
13

HO v (R € &) I + - v Ly(T— Po)Ra(a,0) |

v () (6. 0) ).

To estimate Ji’%y (&2, 0), we use the method of Lemma[2.6] that is the proof of (2.36]). Then,
to get the estimate for &, # 0, we multiply ([2.39) by v,v, and use v,v,v, € (Kern(L))* to
estimate the term in r as

Pz, ()] < cé | v 3 Ly(I — Py)Ra(&s, 0) |12 +¢ || Ra(&:0)
| v (Ro) (60, 0) [la + || (T — Py) Rl 0) [1).

So with C' depending on &,

A 1 1 e 1
| Bou, (€:0) 2 < CCOQ_ w2 Lol = Po)Ra(ée &) 13)2

&z

+(3 v T (Ro) (6, &) |12)7 + ¢ O Nl Ralean &) 13)2

& &
1 —
+= | v 2Ly (I — Py)Ry(€,,0) |l +¢ || Ra(&4,0) |lo

+||u% Hy(Ry)(&:,0) ||2 + || (I = Py)Ra(£:,0) ||2),
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and similarly for Egvy (€2, €.) when &, # 0.
For the ¢4-moment we shall use

Raea(6) = —=Ros(€) / PP AMdv + Ry 4(E). (2.41)

1 -
V6
Here in the 2-d case,

0

B (v, A)M Ry (€)dv

§ZR2UEA(§) = _gxﬁt)mzvzﬁ(f) + (—1)52irvgg + i€G/

_gng, LyRa(€)) — i(v. A, Hy(Ry)(€)).

The additional term in comparison with the 1-d case, belongs to Ry, and can be estimated
by [2.27). An estimate of the boundary term r,2 5 can be obtained by multiplying (2.39)
with v, A for £, = 0 and integrating. For £, # 0 this gives

o 1 1
| Ry 2(&ar €))7 < C(? | v2(I = Py)Ry |35+ | R Il5)
with C' depending on §. Using (2.41) the same estimate holds for f224(§x, £,). For & #0

the Fourier component Ry,24(£,0) can be expressed by ([2.33) and (239), including the
pairwise cancellation of the r(&,) terms. Treating the A-term as in the 1-d case, gives

. 1 1 a
| Rau24(62, 0)]? < 0(5_2 | v2(I = Pp)Ry |52+ || Ra 32+ 1| f7(&) [15-)
with C' depending on .. Again by (2.41]) the same estimate holds for f224(§x, 0).

The 1)y moments when £, # 0 may now be obtained by multiplying (Z39) with v, and
integrating. Arguing as above and using the earlier estimate for the ¢4-moment we get

. 1, 1 -
[Boo(&e, &) < O 192 (1 = PR 3z +° || Ra oo + 11 /(&) 15+ )

with C' depending on £. And so there only remains the 1y moment for R2(£x70> when
& # 0. Multiply (239) for ¢ = (&,0) with v, and integrate. For the boundary term
Tow. (&), multiply (2.39) for & = (&, 1) with v, and integrate. All terms in the upcoming
expression for 7, ,. (&) are then under control. This gives

. 1 1 5
[Rao(&e, O)° < el 1 w2 (T = Po)RBs I35 427 || Ra [32 + || f7(&) I2).
Combining all the above estimates gives the statement of the lemma,

(& _
| PoRs 325 5 17 IR O

The step from L? to L™ for R, follows as in the R;-case. These estimates together give
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Lemma 2.8. A solution to the Ry-problem satisfies

1 1 1 1 _
|- PR s <e(e v b= Pg s +2 1 Prg I 45 19 13, ),

1 _1 1 1 _
1Pkl < o(2 107 = g 1B+ 1 Pog 1B+ 19 )
1 1 1 1 _1
| v2Ry |12, < C(; | v=2(I = Pr)g 3, 3 | Prg i35+ [l v 29 1%,
1
EYETN)

The previous estimates can be used to prove

Theorem 2.9. There exists a solution R in L3,([—m, 7| x R3) to the rest term problem

V" VR— 5GM‘1% _ éu—z + J(R.R) + H(R) + ca, (2.42)
Uy
1- 1 -
R(I’, +m, 'U) = / (R('T7 +m, ’U)) + g¢(x7 +m, w))‘wz|M—dw - gw(% +m, 'U), Uy 2 07
w, S0

Proof of Theorem The rest term R will be obtained as the limit of the approximating
sequence {R"}, where R® = 0 and

M n+1 1
% = gLJR"+l + Hi(R™™) + J(R", R") + ¢a,

v - VR — eGM ™!

M
R a, Fm,0) = =+ (R (z, Fm, w) +

o |

(x, Fm,w))w,Mdw — g(x, F,0),0, 2
w, S0 €

Here (I — Pj)g = (I — Pj)a is of order four, and P;g = P« of order five. In particular,
the function R! is solution to

I(MR! 1
v - VR' — EGM‘l% = gLJR1 + Hi(RY) + ea,
Rl _ M¥ 1 QZ 1;
(r, Fm,v) = —= (R (z, Fm,w) + —(x, Fm,w))|w,|M_dw — =(z, Fr,v),v, 2 0.
M Jy.<0 € €

Splitting R! into two parts Ry and Ry, solutions of (2.:23) and [2.24) with g = e« in (2.23),
then using the corresponding a priori estimates, Lemma 25 and Lemma 8] together with
the exponential decrease of 1, we obtain, for some constant ¢y,

| V2R a2 c1e?, || V3R [p2< ciet.
By induction for ¢ sufficiently small,
[ ViR [|co.2< 2015%, ji<n+1,

| V3 (R = R") [5p< 08 | vE(R" = R"™") o, n > 1,
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for some constant c;. Namely,

n+2 _ pn+l
E'UM . v(Rn-i-Z _ Rn—i—l) o GM—l 8(M(R R ))
c v,
1 1 1
_ ?LJ(RTHQ o Rn-i—l) 4 ng(Rn—i-Z o Rn—i—l) + an-i-l7
M-
(Rn+2 _ Rn-i—l)(x’ $7r,v) _ ﬁqﬂ (Rn+2 _ Rn-i—l)(l.’ :me)|wz|M_dw, v, 2 0.
w, S0

Here, G"*! = (I — P)G™*! = J(R"*' + R", R"™' — R"). It follows that

| VA2 = R g < eeh | vTEGM oy
<ot (AR o + AR i ) A (B = )
< e || vE (R = RY) [z

Consequently,

1 1 1 1 7
| V2R |lg2<|| v2(R™ — R™™Y) |lgn 4.t | v2(R* = RY) |22 + || vZR' [|22< 2cye,

for £ small enough. Similarly || R"*? || 2< 2¢1¢3. In particular {R"} is a Cauchy sequence
in L2, ([, m]> x R?). The existence of a solution R to (2.42) follows. [J

From here Theorem 2.1] follows, and as a consequence the first part of Theorem [Tl

3 Stability: the expansion.

In the previous section we have constructed a stationary solution Fj of the Boltzmann
equation close to the clockwise roll hydrodynamic solution hg. In the next two sections
we study the behavior in time of a small perturbation of F; by writing the perturbation
as a truncated e-expansion and in particular in this section we show the decay to zero
in time of the first terms of the expansion. This result relies crucially on the hydrody-
namical stability under small perturbations of the hydrodynamic roll solution h,. Hence,
before starting the construction of the Boltzmann solution, let us recall some known hy-
drodynamic results. The Oberbeck-Boussinesq (O-B) equations with periodic and rigid
boundary conditions (see [Jo]), describing the hydrodynamic behavior of the fluid in the
present setup in dimensionless form, are:

Ou+u-Vu=nlAu—Vp—e,GY, (3.1)
g(ate b VO ) = gme,
div u = 0.
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where e, is the unit vector in he positive z-direction, u € R? and 0 € R are the velocity
field and the deviation from the linear temperature profile respectively, 77 and k are the
dimensionless kinematic viscosity and conductivity respectively. The initial conditions are

u(z, 2,0) = up(z,2), divuy=0, 0(x,20)=>60z,z)
for any x,z € Q, = (—pm, um) X (—m,m). The boundary conditions for this problem are
u(z, —m,t) = u(zr,m,t) =0(x,—m,t) =0(x,m,t) =0, x€|-mmn], t>0.(3.2)

Here the notations are as in the Introduction. For a proof of the existence of a global in time
solution for small initial data see for example [FMT]. The laminar solution is the trivial
stationary solution u = 6 = 0. It is the unique solution for Ra < Ra, and is asymptotically
stable for Ra < Ra. [Iu], [EMT]. After Ra. a pair of new stationary solutions appear. In
[[u] and [Tul] it is proved that there exists dy such that for any 0 < § < §y, there are two
stationary roll solutions (u},0F) corresponding to the Rayleigh number Ra = Ra.(1 + §),
of the form

ul(x,2) = F0 Cy ¢+ O(6%) (3.3)

0F (z,2) = F6 Co T+ O(6?).

Here () is a positive constant, the couple (¢, 7) is the eigenfunction corresponding to the
smallest eigenvalue dy of the linearized problem, namely the solution of

WAg —Vp=e,Gr, divd=0, kAT=dyop,,
(¢, 7) (@, —m) = (&, 7)(z,m) =0, (¢, 7)(w,2,1) = (&, 7)(x + pr, 2,1).

In [[u2] both solutions are proved to be stable for small perturbations (see also [MW]).
All the previous results are stated in the Sobolev spaces Hy, but, by general theorems on
PDE of parabolic type [Lal] (or by the method in [Gh]), the regularity can be improved to
higher Sobolev spaces Hj. Hence we can state the stability theorem in a form suited to
our purposes. Let (us,0s) € (Hy)?, k large enough, be the clockwise solution of (B.3).

Theorem 3.1. Let (u,0) be the periodic solution of the following equation
ou+us-Vu+u-Vug+u-Vu=nAu—Vp—e,Go
g(ate +uy - VO 4 u- Vo, 4+ Iu,) = g/%Ae
div u =0,
U(LU, Z,O) :Uo(l’,Z), ‘9(']:7270) = 90(5(7,2) (ZL’,Z) < [—MW,MW] X [_77-771-]
u(z, —m,t) = u(zr,n,t) =0(x, —m,t) =0(x,m,t) =0, z¢€l[-mmn|, t>0.

If (ug, 00) € (Hy)?, k sufficiently large, and || uo ||, + || 0o ||z, < 1o, for ng small enough,
then, (u,0)(x,z,t) is in (Hy)® and tlim (u,0)(t,z,2) =0 exponentially in time in (Hy)3,
for any k' < k.
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Notice that the convective solution hepn, = (us, Ts) in the Introduction, (IL3]) , is related
to ug, O in (B3) through the shift Ty = 0, + A(z + 7).

In the previous section, we have constructed a positive stationary solution of the Boltz-
mann equation (L) as Fy = M (1 + ®%). Here, we want to study the evolution of positive
perturbations of F;. The perturbation ®°, defined through F' = M (1 + &% + ®°), with F
a solution to (1)), has to solve the initial boundary value problem

0P 1 —— GoMP*) 1
o TV TN e, T2
®°(0, 2, z,v) = (o(z, 2,v), (z,2) € (—m,7)% v e R,
M,
73 |w

(cha + (@, 0°) + J (@, cpa)) (3.4)

O (t,x, £m,v) = AMOE(t, x, £, w)dw, v, S0, t >0, € [—7, 7.

wz<

The following initial perturbations F(0,x, z,v) — Fy := ®°(0, z, z,v) = (o(x, z,v) are con-
sidered,

(x,2,v) Zé"@ (0,2, 2,v) + °ps, (3.5)

where

[NIES

FO,-,-,-)>0, || s |loo2:=sup (/ sup p?(:c,z,v)Mdv) <ec, (3.6)
e>0 (.’E z)

) E[_ﬂ-vﬂ—}Q

for some constant ¢. The nonhydrodynamic part of the functions ®™ (0, z, z,v) is deter-
mined by the expansion as explalned below together with some terms of the hydrodynamic
part. We will denote by I (t, x, z) the coefficients of the functions ¢; in the hydrodynamic

part of ®™ (¢, z, z,v). The functions [i(l)(t, x, z) will be determined by the solution (u,0)
in Theorem [3.1l Finally, we require

/ Colx, z,v) My (v)drdzdv = 0.
[—m,7]2xR3
Since the Boltzmann equation conserves the total mass, it follows that ®° will satisfy
/ MO (x, z,v)(v)dvdxdz = 0, t > 0.
[—m,7]2xR3

We write an e-expansion for ®¢ in the form

5
O (t, z,2,v) = Z M (t,z,z,v)e" + eR(t, x, 2,v).

n=1

For the proof of stability we need to show that ®™ (¢, x, z,v) converge to zero, when time
tends to infinity in a suitable norm. To this end we will construct explicitly the first terms
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of the expansions. The behavior of the higher order terms will then be evident from this
analysis. This construction is by now standard and contained in many papers. We give
here a sketch of the argument for sake of completeness, and follow closely the analysis in
[AEMN].

In the following we use the notation (h) = [., dvh(v). By plugging the expansion
into (34), as a first condition, ®) has to be a combination of the collision invariants
Ui, i=0,...,4

2
oM = (pl + u' -v+91|U|T_3) ;

sothat pt = IV, wl=1Y 0=1" ul=1V, 6! = %Iﬁfl). We require that u', 0" satisfy
the initial and boundary conditions in Theorem B and, as a consequence, do not need
boundary layer correction to the first order in €. Indeed, in z = —7 the solution is already
of the right type. On the other hand, M + e®™), when evaluated for z = 7, cannot satisfy
the boundary conditions, but differs from it by terms of order €2, which will appear in the
corrections of higher order. Hence, for n > 1 the higher order corrections are decomposed
into a bulk term B™ and two boundary layer terms bg? ),

To determine the functions p', u! and §' which give ®()(= BW), we consider the
equation obtained by equating the terms of next order. Note from the previous sections
that the stationary solution can also be expanded in €, and denote by ®{" the terms of
this expansion. The equation which we get at next order, by ignoring boundary layer
corrections, is

0 0
V=@ +v,—0W = LB® 1 j(@W W) 4 j(@W o) (3.7)
Ox 0z
It can be seen as an equation in B® | whose solvability conditions give the usual incom-
pressibility condition and the Boussinesq condition

div u = 0, V(@' +ph) =0. (3.8)

The Boussinesq condition fixes p' = —#', up to a constant. To determine #' and u! we
look at the solvability condition at next order in €. Indeed, once (B.8) is satisfied, we can
deduce from (B.7) the following expression for B® | where L~' denotes the inverse of the
restriction of L to the orthogonal of its null space,

4
B® = [v Vo — J(@® M) — J(@W, <I>g1>)] +3 i IP(tz) . (3.9)
=0

The coefficients ]}2) are undetermined at this point and will be partly fixed by the solvability
condition for the equation at next order in € and the rest of them in some later step,

QB(l)—i-U'VB@)—iG 9

o 1767 (MBW) = LB® + (@@ oW) + (0@ oM) 4+ j(oWV), 0P)).
v,

s

(3.10)
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The solvability conditions for this equation,

(i, [%B(l) +v-VB® — %G%(MB(”)]) =0, i=0,---,4, (3.11)
produce the equations for u! and 6'. Let us fix i = 1,2,3 in (3II)). Then the first term
gives the time derivative of u!. The third one reduces to 0 for i = 1,2, and to —Gp' for
i = 3 after integrating by parts. The term (v ® vB®)) gives rise to dissipative transport
terms and a term which can be interpreted as the second order correction to the pressure
P,. The term J(®W, (IDgl)) in (B.9) produces the linear transport terms, depending on the
stationary flow. The result is

%ul +ut - Vul +ut - Vaul +ul -Vl = 5Aul - VP +e.Gp' .
Using the Boussinesq condition we replace the term Gp' by —G6' + const. The constant
can be absorbed in the pressure term that we rename p.

Remark. There are constants (one coming from the Boussinesq condition, another
from the pressure condition) at any order which will be determined in the end by the total
mass condition. Since we are asking that the total mass of the perturbation is zero we can
put to zero all the constants.

To get the equation for the temperature, one has to look at (B.I1) for i = 4. It is
actually more convenient to replace v, with the equivalent 1;4 = %(1)2 —5). We have

(W, f1) = gel, G, % £) = —ulG, (v, B?) = —g/%vel + gulﬁl Fulf! + 0l

Putting all the terms together, we get

21994 VO 4 ulVE V| — Gul = Dk

2 |0t ® ® =2
This equation has to be solved with boundary conditions 0*(+1,¢) = 0 for ¢ > 0, and an
initial condition 6}, which is completely arbitrary.

Remark. In the previous equation there is a term —Gu! which does not appear in
the usual O-B equations. This term can be absorbed by changing the boundary con-
ditions. Here 0!, u! are the hydrodynamic terms of first order in € in the expansion of
®,, and hence they coincide with ug, Ts in (IL3). The boundary conditions for Ty are:
Ty(x,—m,t) = 0,Ts(x,m,t) = 2Aw. The shifted temperature T, = T, — Gz will satisfy
the usual Boussinesq equation, in which the term Gu, is missing and a different boundary
condition, Ts(x,m,t) = (2\ — G)m. This aspect was discussed in [EML]. It was pointed
out that starting from the compressible Navier-Stokes equation or the Boltzmann equation
in the scaling we are considering, one obtains a set of equations which differ from the
usual O-B ones for this shift in the boundary condition for the temperature. By scaling
the variables, this amounts to the usual O-B equations in dimensionless form, with a new
Rayleigh number given by Ra(1 — G). We conclude that nothing changes in our analysis.
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To summarize what we got so far, (u', 6') has to satisfy the O-B equations in Theorem
B By fixing the initial conditions so that the assumptions of the Theorem are satisfied, we
get that (u', ') vanishes exponentially in time, with its spatial derivatives. Since ' differs
from p' by a constant, which can be taken as zero, we may conclude that for ¢ € [1, +o0],
| @1 ||, is finite and converges to zero exponentially in time.

The second order term in the expansion, ®? | is not yet completely determined. Equa-

0
tion (BI1) with i = 0 gives apl = div I?, fixing div I®. Moreover, a combination of

152) and [ f) contributes to the pressure p which is determined by the previous equations,
so that these parameters are not independent.

The nonhydrodynamic part of B is a linear function of the derivatives of p!, ' which
are in general different from zero at the boundaries. Therefore the non hydrodynamical
part of B® is completely fixed (even at time zero) and violates the boundary conditions.
We need to introduce bf) to restore the boundary conditions by compensating the non
hgzdrodynamical part of B® which is not Maxwellian. We explain how to find the correction
b®. The correction bf) is found in a similar way. Here L™ = 2M_'Q(M_, M_-). We

choose b by solving, for any ¢t > 0, the Milne problem for z= > 0,

0 5 1 0
2 - MR =L~ = = 12
UZ@z—h 5 MG aUZ( h) h, (v,h) /RS dvv,h =0, (3.12)
where 2~ = e7'(z + ) is defined as the rescaled z variable near the bottom plate, and

G~ is a smooth force rapidly decaying to zero far from the bottom plate. Indeed, the
gravity force has been decomposed in three parts, a force constant in the bulk and two
boundary parts G* (see [EML], [ELM2] for details). We impose the boundary condition
at 2z~ = 0 in such a way that the incoming flux of h at z = —m, v, > 0, is given by
(I—P)B®(—~1,v;t). The results in [CME] tell us that as 2~ — +o0 the solution approaches
a function q(_z) (v,t) in Kern L~. Note that in q(_2) there is no term proportional to 3 because
of the vanishing mass flux condition in the direction of the z axis (v,h) = 0. Thus we set
b® (x,z_,v,t) = h(x,z_,v,t) —q? (x,v,t), which will go to zero at infinity exponentially in
2z~ . This produces a term p? (z,2me™ 1 v, t) = 1y (x, 7,0, 1), exponentially small in e~ on
the opposite boundary. Scaling again to the variable z, the resulting term in the expansion
is thus ®® = B® + bf) + b , and is such that in z = —m, for example, it has zero non
hydrodynamic part, while the hydrodynamic part is

1
O (z, —m,v;t) = Z Iz.(z)(x, —m; 1) (v) + bf)(x, 26 v t) = ¢?, v, >0, t>0.
i=0

We are not yet done since M®® (x, —7,v) is not Maxwellian for v, > 0, (as it should, in
order to satisfy the boundary conditions) because of the presence of terms proportional
to Y, 1 = 1,2,4 in q(_z) and bf)(t,x, 2e1). The latter is not important because it is a
correction exponentially small in € and will be compensated in the remainder. The former
will be compensated by the coefficients Ii(z), 1 # 0,3, that can be chosen arbitrarily on the
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boundaries. Moreover, we have to choose 1. 352) = 0 on the boundaries, because (vzq(_2 )) = 0.
We are left with

o (t,z,£m v, S 0) = QQiMi + o (2, £, 0, 1), af = ]0(2)(j:1) — (qf)>,

where 15, are terms exponentially small in . Finally, we impose the impermeability
condition (v,®®) = 0 by choosing

L My

% =0 v, M[®P(t, 2, +7,v) — by o(t, x, 27, v)]dv, v, S0,t>0.
vz 20

The coefficients Ii(2),i = 1,2,4 of the hydrodynamical part of B® are determined by
the compatibility condition for the equation at next order in ¢,

0 0
19 B@ 4, . vuB® @71\ —
(m,[atB +v-VB +GaUZB }) 0,
where 5 . 5
@ _7-1[%%0 4 . vp® 4+ & My — 7(eM) O
B L [m(b +v-VB +MG8UZ(M<I> ) — J(@W, B@)

4
—J(@0, B®) = (@0, BH)| + 3"y, 1,
=0

together with the boundary conditions IZ-(2) = (q(_2))i, i =1,2,4. Then ]0(2) is found up to
a constant that is chosen so that the total mass associated to ®® vanishes. Proceeding
as in the determination of the Boussinesq equation, we find now a set of three linear

time-dependent nonhomogeneous Stokes equations for IZ@),

Oip* + div u? +div (p'u') + div (u?) = Ny
o? = u? - Vu +ut - Vu? = aAu® — VPP + Gp? + Vdiv v + N

0,0% + %[div ud + (p' + 0M)div u?] + p'[0,0" + gdiv u?] = /%%[Aez + (Vup)?] + Ny,

where Ny, Ny depend on the third order spatial derivatives of p', ' and N depend on the
third order spatial derivatives of u'. We remember that P? is determined by p which
has been found at the previous step by solving the O-B for u',#'. On the other hand,
P?2 = p? + 0% 4 p'0' allows us to eliminate p? from the previous equations. Replacing
div (u?®) as given from the first equation in the last one, and using the condition on P?, we
get a set of two coupled equations for 62, u? with a constraint on divu?. P? plays the role
of Lagrangian multiplier for this constraint. The nonhomogeneous term is controlled by
the results at the previous step and hence is known to decay to zero exponentially in time
in the right norms. Then, general theorems for the Stokes equation assures the existence
of a solution for the chosen boundary conditions, vanishing exponentially in time.
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Once B® is completely determined, the last ecguatlon gives the non-hydrodynamical
part of B®). As before, we introduce the terms by’ to compensate (I — P)B® on the

boundaries z = +m. The term bf ) is found as a solutlon of a Milne problem with a source

term, which depends on the previous boundary corrections bi_f’ and ®1). The procedure
can be continued to any order
We notice that (I — P)®™ at time zero are not arbltrary, since they depend on ¢

and its derivatives. We can instead assign at time zero Ii .1 = 1,2,4. Notice that the
rest term R at time zero is of order £*. By using the results in [CME] and the exponential
decay in time of ®™ we can state the following theorem

Theorem 3.2. Assume that at time zero, for some suitably large k,
| MOFIM™ (0,2, 2) ||f2< 00, i=1,2,4, n=1,...5,

where OF denotes any space derivative of order k. Then, it is possible to determine the
functions ®™  n =2, ..., 5 in the asymptotic expansion satisfying the boundary conditions

M:t(’U)
M(v) /wz>0| AM [ (t, 2, Fm,w) — e (t, 2, Fr,w) ] dw

+ (b, x, Fr,0), £ >0, v, 20,t>0,

o™ (t, x, Fr,v) =

the normalization condition / MM dvdzde =0, teRT, and
R3xQ,

| @) [lap2< 00, || @M [lo0002< 00
Here,

| f ll222= (/0 /Q g |f(s,x, z,v)\2M(v)dsdmdzdv>§,

1
£ leoea=sup ([ sup [f(taz0)PM(0)do)
>0 \JR3 (

x,2)EQ,

4 Stability: the remainder

We remember that ¢, the solution to (3.4), is Written as ¢° = Zf L0 + eR. In the
previous section we have constructed the terms ®* and shown that they decay to zero in
suitable norms. In this section we construct the rest term R, solution of

OR 1 OR 1 OR I(MR) 1 1 1
—— —GM™! =T - “H A, (4.1
6t+ CH Vs + Sl G D0 = R+€J(R,R)+E (R)+ A, (4.1)
R(0,z,2z,v) = Ro(z, z,v) = e"ps(x, z,v),
M+ Y Y
R(t,x,Fm,v) = —= (R(t,z, Fr,w) + —(t, z, Fr,w))|w,|Mdw — =(t, x, Fr,v),
M Jw.<0 € €



Here ¥(t,x, £m,v) = Y., ™, (¢, z, £, v) is the Knudsen part of the asymptotic expan-
sion from (¢, x,Fm, v), exponentially small when evaluated at (¢, z,£m,v). A contains all
the terms fully coming from the asymptotic expansion,

1
H(R) = _J(R> ¢ + és)a
£
where ® = 322 @0/ and [ psMdrdzdv = 0. We shall require that the initial value of ®°

is close to zero, and in the sequel introduce smallness assumptions.
The following norms will be used,

t ™ ™ 1
| R |22 = (/ / / / R%(s, x, z,v)M(v)dsda:dzdv) 2,
0 —7J -7 JR3
| B [loo22  =sup (/ / / R2(t,x,z,v)M(v)d:dedv>§,
t>0 - J—m JR3

| Rlloomes = sup ( / swp Btz 0)M(v)dv)

t>0 3 —m<x,2<T

t s 1
e = ([ [ ] oM@ fsa=m0) P dvdads)” +
—T Vy>
t T 1
/ / / |vz|M(v)If(s,:c,mv)|2dvdxds)2,
—7m Jv,<0

1
| f o2~ = sup/ / v, M f(t,z, —m,v) |? dzdv) g
t>0 J -7 Ju,>0
sup// \UZ\M()|f(tx7rv)\2dxdv>.
t>0 J—7 Ju,<0

We will prove the existence of ®° and the stability result (L.7). We follow closely the
approach in Section 2, starting from dual, space-periodic solutions to a linear problem
(in the rescaled time variable 7 = £7't) discussed in the following lemma. We use the
notations introduced in Section 2, L; = L(-)+¢eJ(q, P ), but here the function ¢ has the
expression ¢ = e 1(® + ®,) which is also time dependent.

Lemma 4.1. Let (7, x, z,v) be solution to

O dp 0Oy 10(Mp) 1

L v F v, —eGM™ = -Lio+g, 4.2

or H " or T 0z o, e 7T (42)
periodic in x of period 2, with zero initial and ingoing boundary values at z = —m, w, and

g x-periodic of period 2. Set p = p— < o >= ¢ — (2m)7* [ pdrdz.
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Then, if € < gg, 0 < dg, for €y, dg small enough, there exists n small such that,

1 _1 _1 1
| @ [Joo22< C<€2 | v72(1 — P)g |l222 +€ 2 || Pg |l222 +me? ||< Py > |22 ),
1 _1
| v2(I = P)e [|222< C<€ | v72(I = P)g |l222 + || Pg ll2.22 +ne ||< Pp >||2,2 )>
- _1 _
| P [|2,2,2< C( [ v72(1 = P)g) ll222 4" | Py ll222 410 |< Po >|22 )

Proof of Lemma [l A variant of the method in [Ma Scn 7.3] can be adapted to the
present setting with a force term, to obtain the existence of a solution to (£.2).
Denote by ¢(7,&,v), £ = (&,€.) € Z?* the Fourier transform of ¢ with respect to space,
and define § analogously. Then for £ # (0,0),

9P 1 — 19 (M)

A ) S N Vi
g7 —clap i vtote o0,

+§ — |v.lr(=1)%.

Here v = (uvg,v,), r = Fpo(T, &, m,0) for v, > 0, r = Foo(T,&, —m,v) for v, < 0,
with F, denoting Fourier transform with respect to the z-variable. Let § be a truncation
function belonging to C*(R) with support in (0, oc], and such that 8(7) = 1 for 7 > 7 for
some 75 > 0. Let ¢ = ¢3. Then, for (0,0) # ¢ € Z2,

0p 1—— . = L OM) | 0B 6.
5 = ZLife +ig - v'o+eGM o0, ¢ Pos + 36 = [ualrB(-1)

Let F be the Fourier transform in 7 with Fourier variable o. We put

O(Mp .0
2632 446 - fudra(-1e).

O=Fp, Z=F (5_1L/j}ﬁ\<p +eGM™!

Z=F (L + 38— llrB(-1%), 2/ = F (T30 + 38) , U = (i +i€ - v) ™

Let x be the indicatrix function of the set {v; | o + & - v" [< a[¢[}, for some positive a to

be chosen later. Similarly to Section 2, the elements )y, ..., 14 are an orthonormal basis
for the kernel of L%. Let (s(v) = (14 | v |)®. For £ # (0,0)

I P(x®) |

x®(0,&,v %-Mdv

4 |
<cll ¢-sx® || Z IxCs 1< evar || Cox® || -
5=0

Use this estimate on the support of x for a =|| (@ |7} (_sZ" || -

As in Section 2, the previous estimate also holds with respect to supp x: where the
indicatrix function y; is taken for o = 1/3;. We fix &, so that ¢v/8; << 1. Then the above
estimate gives that the hydrodynamic P-part of the right-hand side, || P(x1®) ||, can be

37



absorbed by || P(x1®) || in the left-hand side. The estimates hold in the same way when
X1 is suitably smoothed around v/01[¢|. For the remaining (1 — x)(1 — x1)® = x“x{® we
shall use that ® = —UZ. Then

| PXX5® 2 e 1 G0 112+ | Goraxs0 112 ) 11 62 2+

LCIFW el 1P C 1CZ |2+ | F(loslBr) 1
0rf¢]? =TePlal ' 01l¢]?

where

= _QZ/w]X ‘UF 5GM 18%\1@) +<pgﬁ Mdv /wjx S(FoB — UZ)Mdv) .

We again replace « in the denominator by || (_,® || 7| (_sZ’ ||. That gives

F(/Toalr) |12
| P 2< el ¢ [ ¢z || + AR T 5y oy ) +

d1[€[?
Hence,
o L FV vl P
I Pe I < C((II PO || + || (I = P)2 [|) | 2" || + ATE
VB T =P)@ | ) +6
Consequently,

F(/Tolpr) |12 ,
1P <e( ez P+ ez

T =P |2) +6
We next discuss the term ©. The first term in the first integral can be bounded by ¢ times

an integral of a product of M, 1+ |£,|, a polynomial in v, | F$ | and U or U2. So this
factor is bounded by C' || @ ||. And so,

F/To18r |I?
| Po < 0( lez PSR - pe )
_22 / DixX fgo 8/6 Mdv / DX (F B — UZ)Mdv) .

Therefore for £ # (0,0),
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/(Pq))z(a,f,v)]\/[dvda
(5 [arl cwFTA@ e + [do( (- Pate ) I
Iy [ tgate e 1P ar)

01 €2

—2;:; / do / DU (F Mdv / DX (F B — UZ)Mdv) .

Sending 7y to zero implies that

/Ooo df’/(P@)?(T—,f,v)Mdv < C(i2 /OOO d;( I C_s(v)L/f,Tp)(f,g, 32 (4.3)
+ 11 (= P)3(7, 6, ) /dT/yng, de/ @)

1/€]?

Taking ¢ and e small enough and summing the previous inequality over all 0 # £ € Z?2,
implies, by the Parseval inequality, that

/ /(18;0)2(7', x, 2, v)MdvdzdzdT
0

1 [ _ _
< C<?/o /V((I — P)p)*(7, 7, z,v)Mdvdxdzdr

+ [ [ ) Mavdedzdrs |7 s 41110 [ ):
0

As in Section 2, to use an argument based on a variant of Green’s formula, we multiply
the equation [2)) by 2o M«, and integrate over [0,7] x [0, 27]? x R3, integrate by parts
and obtain, by using the spectral inequality (2.8)) and the bounds 1 < k(z) < e¥¢7,

1770 Biran + 10 Braa + | 30 = P Fr
<cellv 2(I P)g H2T22 +m || Py H2T22 + || Py ||2T22)
Inserting this into the previous inequality, the lemma follows. [
We next decompose the operator H in the remainder equation in accordance with the

operator Ly: H(-) = J(q,P-) + Hy(-). We notice that H;(R) is of order zero in &,
and only depends on the nonhydrodynamic part (I — P)R. As in Section 2, to solve the
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equation for R we shall use an iteration procedure based on the decomposition of R in the
sum R; + Ry, where R; and Ry are solutions of two different problems. R; solves
oRrR; 1, 1 8R1 G 8(MR1) 1 1 1
— L — =—L -H -g, (4.4
8t+aUVR1+ P 0z M Ov. g2 JR1+5 1(R1)—|—€g (44)
Rl(oa z,z, U) - Ro(llf, Z, U)>

Ra(t,2,%m,0) = —9(t, 0, Fm,0), 630, 0. 20,

Here R, is periodic in x of period 27, and ¢ is some given function, z-periodic of period
21 with f Mg(-, x, z,v)dxdzdv = 0. For the existence of the solution, see the discussion of
(@2). The equation for Ry will be introduced below in (4.7).

The non-hydrodynamic part of R; is again estimated by Green’s formula; multiply (4.4
by 2R, Mk, integrate with respect to the variables (7,x, z,v) over [0,7] x [0,27]? x R3,
integrate by parts and use the spectral inequality for L; and the bounds 1 < k(z) < e*9™,
to obtain, for every n; > 0,

_ - 1, 1
|7 Bu P+ Il Ra(T) 3+ | wu— PR ir0< c( | Rol3,  (45)
w74 = P)a g+ | Pos oo+ | P26 Iran +2 16 B )

An a priori bound for P;R; is obtained in the following lemma based on dual techniques
involving the problem (4.2)). Consider first the problem (4.4]) without the term H,(R;).

Lemma 4.2. Set h := P;R;. Then

||hH222<C(||R0||22+||V2(I PJ)9H222jL HPJ9||222+ H¢H22)

Proof of Lemma [£.2 In the variables (7, x, z,v), the function R; is 27-periodic in x and
solution to

OR, OR, OR, LOMR,) 1
Nl Y] i S Y A— 4.
8_ +uv 8$ + v, 92 eG 8UZ - JRl +9, ( 6)

R1(07x7'27v> = RO(':U7 Z7U)7
1_
Ry (T, z, Frm,v) = —gqﬂ(?,x, Fr,v), T>0,v,20,

Let ¢ be a 2m-periodic function in x, solution to

e dp e _10(Mo)
57 TH Vg T —eGM T =50

1
= -L'g+h
c JSO_I— )
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with zero initial values and ingoing boundary values at z = —m, 7. Multiply the equation
for ¢ by kM Ry and the one for R by kM y sum them and integrate by parts. Then,

0 0 O(MR
/d%dxdzm(z)E(Rl, ©)u + /di'dxdzdv (Ma(vzmﬁ’l(p) — gG/g(Tzl(p))
1 1
— [ drdsdzMrdol (Lo = PR = P)g)+ (I = P(R)LSL - P)g)
+g9o + hP;R;y].
This gives
K B 1 _
|| h ||§7",2,2 < 71 H Rl(Tv ) ) ||§,2 _'_2—[{1 || (,0(7', ) ) H3,2
K 1 _
+—1 |7~ R H2T2~ 51 H a2 H%mw
K 1 1
+_ | v2(I = Py)Ry ||2722+ H ve (Il — P)90||2722
K
+_ | v~ 2(I Pj)g H27’22+ H VZ(I P)‘P||2r22
2 K 2 1
2K | VQ(P ||22 +— | Prg ||2T22 +2K | Py ||2T22 +2K | vip ||§,2a

for any positive constants K;, j = 1,...,4. All the terms computed at time 7 on the Lh.s
can be estimate using Lemma [£] and (4.5)), leading to

I hll222< el(Ky + Ks) || Ro 35

K _1
+gﬁ"ﬂwwn~@m+m+m@w~u—%w%z

gy ]
ek, €2K2 eK; Ky K

K, K;
)1 h ||222 +(77— + 77— + Ks) || Prg ||§,2,2

1
PR [ (s mES) 4 nl 41 4 25 4 ) < P SI2a)

We are left with the term < Pj«p >. Asin Section 2, we use an approach based on ordinary
differential equations for the Fourier transform with respect to the time and z-variables.
Namely, the quantity < ¢ >:= 1 [ (-, z,-)dx satisfies a 1-d problem including a
small perturbation of magnitude 5 from the Value at the bifurcation point. After a Fourier
transform in time (Fourier variable o) the case of |eo| < o¢ with 0 < oy sufficiently small,
can be handled as in Lemma 24l For the remaining o’s use the term icoF-F,B¢(0, &, 2)
to express the ¢p-moment. With ¢, = (v?, 14)(v2A,¢4)"!, project the equation along
v, — o, A, and along vy and use the equation, leading to an expression for

0 0 0 0
F-Fole 5 —B(pv, — 2Py 1) + @(ﬁwo + 7)) and fffx(ea(ﬁwo) + &(ﬁ%)),
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with 95 a nonhydrodynamic moment of ¢, thus to an expression for

%) + L (e Fa(Boo + ) FrFa(Bon))").

— ico (| FzFe(Beo) | + | F=Fu(Bepn.) 0z

(For details cfr Lemma 5.5 below). Estimating the ingoing terms, this results in

I< Po >llas < cll< P >ullana< c(||< Pe >ullaze +¢ | 20 [la22)

C 1 c 1
< . < h >all22 +1 || 2@ [[222< . | A llz22 +0 [l V2@ [l222 -

So choosing € < 1, then K; and K3 (resp.K3) of order e™! (resp. €72 ) and 7, of order ¢,
leads to

| A Hg,m <_ | Ro ||22 + |l v 2(] Pj)g H222 + || Pyg H222
o 10 B 40 1< iRy >[5 ).
This ends the proof of Lemma [4.2] when coming back to the t-variable. [J

We now give the final estimates for R;.

Lemma 4.3. The solution Ry to ([{.4]) satisfies

ViR las < o1 By laa I VI = g laa 42 I Prg laa 4 10 Jaa ),
I i lzz < el Bolaa+ I VAT = Pa)g lazz +2 1| Pag laza 5 16 Iz ).
| AR, oz < e(e7 1 Ro llaz + | Ro e 4 10731 = Pr)g [
2 #2117 oz )-

Proof of Lemma [£.3] The solution R; of (4.4 without H;-term satisfies

1 _ 1 1
NG | v~ Ry |22~ +Stg103 | Ri(t) |22 +g | v2(I — Py)Ry ||222< C( | Ro [|2,2

1
5 | 0 llogm + | v 2(I = Py)g |22 +— || PrRi ||220 +—= || Prg ||2,2,2)
\f \f

g2

for any n > 0. Moreover, it follows from Lemma [.2] that
1 1
| PyRi 222 < C( | Ro ll22 + [ v 2(I = Py)g [l2.22 +2 | Prg ll2.2,2
b 10 o )
8\/5 22~ |-
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Choosing n = 4/ leads to the first two inequalities of Lemma 3 Then, to get the
L™ estimates, one has to study the solution along the characteristics. This analysis is
complicated by the presence of the force, but can be done along the lines in [AEMN] and
the result is

1 1 _1
4 R oo (2 11 B llooza + I RO, ) i 2 779 i 17 B oz ).

which leads to the last inequality of Lemma [£3. Adding the term e 'H;(R;) does not
change these results. [

The remaining part Ry of R satisfies the equation

ORy 8R2 OR, 1O0(MR,y) 1
g ot +puv 85(7 + v, a2 eGM 81)2 = €LJR2 -+ Hl(Rg), (47)
Ry(0,z,2,v) =0,

M= (v)
Ry(t,x, Fm,v) = M(v) /wz ., Ry(t,z, Fm,w) + Ro(t, z, Fr,w)

+gw(t,x, IFW,w))|wz|de, t>0,v, 20,

Its analysis is more involved and requires a careful study of the Fourier transform of Ry. As
with the stationary case in Section 2, existence for the problem (4.7) can be adapted from
the corresponding study in [Ma], if one includes into that approach the spectral estimate
for L;, and the characteristics due to the force term.

In (£7) the given indata part is

M. 1-
f_(t,l', :F7T71)> ]\;: <R1(t,$, :F7T,U)) _w(thv :F7T,’UJ)>|UJZ‘MCZUJ, Uz 2 07
g
wz>

By Green'’s formula for (£7), and noting that H;(Rs) only depends on (I — Fy)Rs, we get
_ (& 1
el Ro)l5o+ 177 Re 32 +2 102 (1 = P)R2 300 < V" Ro 302 - (48)

This estimate is not yet final. In fact, compared with the analogous estimate for ¢ and
R, the boundary terms here are different, due to the diffusive boundary conditions for R,.
We follow the reasoning in the stationary case for (2.20) - (2.27)). Taking into account the
differences, like dependence on time, we get

c 1 1 _
el| Ral3 o (t) + - | v2(1 — Py)Ry [|3,92< p I £~ 52~ +Cen || PsRs 13,59, (4.9)

7™ R H2t2~— 1F 22 +C I PrRa (302, - (4.10)

The hydrodynamic estimates for R2 are obtained similarly to the stationary case. We
again start with the 1-d (z-independent) case, with an inhomogeneous term g; which will

43



take into account the z-dependence in later proofs. Reduce the equation (A1) to a 1-
d problem for [dzRs(t,x,z,v) := Rs(t,z,v), with an inhomogeneous term g¢; such that

10 = Jps dvgy =0

O(MR,) 1
JE— [ — 17 —
3 It + v, 92 eGM™ avz gLJRQ + Hl(RQ) + 91 (411)

Then, for the solution of this new problem the following lemma holds:

Lemma 4.4.
C1 _ _1
| PrRy ||55,< = I F~ 30~ +e2(l PrRy (1300 + 1l v 291 [15.22)-

Proof of Lemma4l The equation for the Fourier transform, R, of Ry (t, 2, v) with respect
to the space variable z is

a A~ — —
(MRQ) = 8_1LJR2 + Hl(Rg) — 'Uz’l“(—l)fz + gl, (412)

0 - A
e—Ry + i0,E,Ry — eGM ™!
ov,

ot

r(v) now denoting the difference between the ingoing and outgoing boundary values,
T(U) = R2(t7 , U) - R2(t7 -, U)- (413)

Starting from the method of Lemma [4.T] with L; instead of its adjoint, and considering
the ingoing boundary values as known, we reach (4.3)) for £, # 0 with obvious changes,

[e9) . 1 [e'9) o
|t [1pakapenpan < o(5 [ (1 @Rl 1
+ | (I = Pro)Ra(t, &) [I7) + / dt / EvGIP (& v)Mdv
0

IRVACHs ;
+/0 L +et | B |2)).

Here, similarly to Section 2, we have fixed z = 2, t = ¢, in the basis elements 91, ..., 14,
writing Pjq for the corresponding kernel projection. At the end we replace Pjq with Py,
since Py — Pjy = O(¢). The sum R = Ry + R, satisfies by hypothesis (R(0, -)) = Ry(0) =0
for t = 0. The coefficients in the asymptotic expansion can be chosen so that, moreover,
Ro(t,0) = 0 for t > 0. That gives an estimate for Ry(0) in terms of Ryq.

For an estimate of the r-term, for z = 7 we use ({.I0) giving an estimate of the outflow
at 7 in terms of known quantities and PjyRy. Then, for &, > £, and &, large enough, the
latter appears multiplied by a small factor and can be absorbed by the total sum on the
left-hand side, taken over &, > &.. Hence, for € large the bound stated in Lemma F4 is
proved.

For the remaining bounded number of ¢’s, each hydrodynamic mode is estimated sepa-
rately. We obtain estimates for all the hydrodynamic moments in terms of Rag, which will
be the last one to be estimated.
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For the v.-moments multiply (LIZ) by v, (resp. one), integrate with respect to Mdv,
and multiply with Ry (resp. Rs,.). Use the notation [f]_ = f(&,)—(—1)% £(0). Combining
the results, it implies that for each fixed &,

0 (5 s e b B e pe P :
o5 (Rulfa)) = iR [fon ) + iR Fon+ <G [ { Rl

o
a—%(M&)}dz}
R, )" /M vr (=) + g1 fdv.

We integrate over ¢ € [0,#], to get an estimate for the term ilefzgvz(fz)P on the right-

hand side. The time derivative, then, produces a term &Ry (£,)[Ra,.]* computed at time

t which is bounded as Ce(|Rao(£.)[? + |Rov. (£)[? + | Ra0, (0)[2) < &|| PRol[3 (). The latter
is estimated by using Green’s formula for (£I1]), getting

C _ _1
el PR3, < 5(” I~ o 11V 7200 320) + 0 | PrRa (355, -

The other terms can be easily estimated, but for the one containing the boundary r-term,
which is equal to Ry, (£,)(Ray, (t, ) — Ray, (t,—7)). This term can be estimated by

/ (n|é2vz ?

In conclusion, we have that for &, # 0

1.
o 1115 )dt

. R 1 _ _1
<C [[at(( Fune) P + | Rawc0) P40l PR o+ 15 B+ oo s )-

We then compute f%gvz(t, 0) for &, = 0. Multiply (£I1]) by M, integrate over velocity and
over 2’ € [~ 2], followed by an integration over [—,7]. We get, after multiplication by
R2vz (t, 0)7

ORy
ot
= Ry, (t,0) / dz / d2' dvMgy + 27 Ry, (t,0) / dvv, M Ry(t,v, —7), (4.15)

€ﬁ£2vz (t7 0) + (szz (tv O))2

where Ry = [7_dz [*_dz’duMR,. Multiply (I2) by Muv., integrate over velocity and
multiply by Ry,

8 MR2(0 ’U)d

eRs0 8

I ) _
§R2vz = R20 (Tvg + /vzglMdv) + 8GR20
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Summing the last two equations,

5%(3—20}?2@2) + Rgvz = R—go(rvg + /Mvzgldv) + EGR—Q()/UngEQ(O,U)d'U

—1—1%21,2/ dz/ dz/degl+J§’2vz27T/dvszR2(t,v,—7r) (4.16)

We use this relation to bound the time integral of f?gv We integrate over time, and use
inequality (£.I0) to control the boundary term r,2. The result is

. 1 _1 _
[ 1Rt < (1 [ atlRal+n | PoRe o + v o s + 1 £ 13 ).

By Parseval identity, || Ryl3 = D .20 |Rao(£.)]2 4 |Rao(0)|2. The last term is equal to

|R10(0)]2 because [dzdvR(t,z,v) = 0. The sum for {, > £, was estimated above. In
conclusion,

~ ~ 1
/Iszz(O)lzdt < C( Y [Reo&) P+ (| PrRy 500 +1 | PR (1325 + | V291 [132

0<E.<E,

+||V2([ P)R2||222+ ||V2([ PJ)R2||222+||f_||22~>-(4-17)

For the control of v,-moments, we use R, (£) = }A%%zvz(f) Rzu ,2(&) (recall that
[vi2Mdv = 1) Multiply (M) by v,v, (resp. v,v?), integrate with respect to Mdv, and
multiply with Rgvxvg (resp. Rgvzvz). Adding the results implies for each &, that

OM R,

0, - A SR .
8_(R2Ucvvz vaz)?) = Z£Z|R2vzv§ |2 + Zgz 2vxv3 R2vzvz + 5G/ 2v 2 V¥
ot z ov,

ay aMé —_ —_—
+R2vazvxv§ 5 )d + R2v 02 vavz(gLJRQ + Hi(Rs) + vzr(—l)gz + §]1>dv

1 O\t
+ Ry / Muv,0? LJR2 + {1 (Rp) + var (<)% + 1) do.
We do not estimate directly the terms involving higher moments of the boundary term 7.

To remove these terms we subtract the same expression for £, = 0 multiplied by (—1)%,
getting

9. : e P
55([1:{2%%]—[1%2%1@]*—) = ZgZ[R%va]—R%xvz (52) + Zﬁszwg [szccvz]—

v [ { Rl v (MR + R ]~ (TR o

ov, *0v,
—_—

el vasz[L/ﬁ%z]— + () + 1] )do

o) [ Mu? (LT + UL + (1)) o



Integrate with respect to t to obtain for £ # 0

[Pt < [ (1 B F 4 PRa B+ || w41 = P)R2 I,
_1 1 1
v B+ 13U = PR, |3, ).

We have used that only (I — P)R; contributes to 1%2%@2 and ]%gwg.

Now we discuss the estimate of 1%2% for £, = 0. To eliminate the outgoing boundary
terms, we multiply (A.I1]) by Mv,v, and consider first the equation we get by taking the in-

tegral [* dz [7_dz' [, dv and then the one we get by taking the integral 27 [7_dz Jo. <o dv.

By taking the difference of the two equations we get for the Lh.s. (but for the force terms)
5& < / d'U / dZ / dqvazMRZ (ta q, U) - 27T/ UszMﬁQ (t, O, ’U)d’U) + ﬁ{%zvﬁ (t, 0)
- - v, <0

The remaining ingoing boundary terms are zero. Now, notice that fvz —o VzV-M Rg(t, 0,v) =
CRgvx(t, 0)+ éu(t 0), where ¢ = fv —oUs 2v,Mdv and Rgl(t, 0) = fvz<0 UIUZM}A%%(t, 0,v)dv

depends on the nonhydrodynamic part of Ry. We multiply by szz (t,0) and, by using the
equation for it, we get in the L.h.s (but for the force terms)

6% (,lebvz (t7 0) - 27T€Cp'ugvz (t7 0)) + E2vz 1—:{21)1122 +D / dU’UxUZ(’)/_RQ (7‘() — 7_R2(_7T))

where D : [ [T f_z7r V0, M Ry(t, q,v)dqdzdv — 27TR2J_(15,0) is nonhydrodynamic. We use
again Ry, (&) = égvzvg (&) — sz ,2(§) and estimate v~ R, by (4.10). This gives

[1te0Fa <c [aln) PR B+ i - P)Ra s
g AT = PRy I+ 1 £ e+ v 00 s )
The v,-moments are analogous, hence for all £,
[1Rei&)Pi+ [ €Pat < [0 PR B+ 1 1 B+ A0 = PR B
g VAT = PRy [ + v ¥ Bo)dr. (4.18)

Consider next the ¢y-moment for £, # 0. Multiply (ZI2) by v.A (resp. v2A), and
integrate with respect to Mdv. Similarly to the proof of Lemma [2.6], this gives

0 . 0 .
AR HD s G Ra(€)) + 26 [ S M) Ra(€)do
= (0, I R(E)) + (A, (R (E:)) + (1A, ),
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e (A, Ro(E.))  +(—1) g + 06 (P A, Ry(E.)) + G / (Z(ngM)szQ(gz)dv

0
L02A, LTR(€) + (24, B(RR)(E) + (24, 31)

Similarly to the v,-case, we manipulate the equations to remove the boundary terms,
leading to,

0 .~ R R R . R
( [R%ZA] - [R%EA] - )25 [R%EA] - R2UEA (gz) — &, RSUQA (§Z) [R%ZA] -

0
ot

+5G/dv([§2v§A]i UZA%(M[}?Q]_) + [ézvzﬁ]— ngaiz (M[}%z]—))

Henaal! [ dodto. A(ZILR)- + [Hi(Fa))- + (31)-)

i al- [ aodr? AR + () + [0]-)

It follows that for &, # 0
[t Fse) P<C [ adt((| Fas0) P 4| Ban(€e) P | B (O)F 40| P |2,
1 1 _ _1
+ 1 (I =P)Ry o+ w2 (I = PR llao + 11 f7 e + 117201 22 ) (4.19)
For &, = 0 multiplying (ZI1]) with v, A and arguing similarly to the proof of ([£IS)), gives
[ 1ROPar < [a(n | PR B, + v - PR I,
1 1 _ _1
+5 12T = PR [lso + 17 o + 1107201 Iz ) (4.20)
The only moments still to be estimated are the typ-moments for £, # 0. With ¢z =
(v2,04)(VIA,90y) 7" and s = (v7,1)(vS,1)7", proceed similarly to the corresponding -
case discussed earlier, but start from v, — cov, A instead of v, A, and v? — czv? instead of
v2A. That gives
. 1
[l i) <o [a( P, ) PR B+ v s
1 1 _
+ 1 (I =P)Rs |52+ 12 (I = PR [z + 1| /7 I3+ ) (4.21)
The lemma is proved by collecting the estimates above. [

By using this 1-d analysis, it follows in the 2-d case that
Lemma 4.5. The solution Ry of {{.7) satisfies

1 _
| PrR; Hg,zzg C(? | f Hg,2~ + || PyRy ||§22)
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Proof of Lemma We can apply Lemma @4 to Ry(0, &, v) = [ dzRy(x, z,v) and, taking
into account that ¢; is of order J, get a bound for the Fourier components P JfEQ(O, £,), for
0 small. As discussed at the beginning of the proof of Lemma [£.4] the components with &
large are under control, since the r-terms are small after division by |£|?. The remaining
components in the case &, # 0, &, &, finite, are estimated by analyzing the equations for
the moments of Ry and applying in a suitable way Lemma [£4l The proof follows closely
the one of Lemma [4.4], so we will not give all details but only point out the differences.

Consider first the v,-moment for £, = 0. Multiply the (spatial) Fourier version of (4.7)
by Mdv (resp. v,Mdv) and integrate. Combining the results

o . . . . R .
5@(320 (gm O)R;vx (gm 0)) = Zﬂng%z (5:(:’ O)R;Uz (5:(:’ O) + ZﬂngSU% (5:(:7 0)R20(§xa O)

_'_g;vz (£x7 0) /dUMUzT + «é20(£m, O) /d'UM’Ux’UZT*.
This gives

[ Plenvde <0 [ a(linle0) 0| PR R, + | 30 - PIR: 1B,
1 1 _
+5 I = PRy 3o+ 1 £ 1), (4.22)

To bound the v.-moments for £, # 0, we use a variant of the proof in LemmalL4l Multiply
the Fourier version of (ET) by ((v2,v>B) — v2B)Mdv and integrate. That removes the

T Tz

hydrodynamic £,-term. To remove the v,r-term we also subtract the same expression
for ¢, = 0 multiplied with (—1)%. We use the notation [f]* := f(&) — (=1)% f(&,0).
Proceeding as in Lemma [£.4] gives

J A D 0 D* 1T . > >, » D* 1T
e ([Rao(v7,02B) — Ryzp)|"[15,.]") = i€u(Rau. (v3, v2B) — Roysp) [R5,

E Yz
it ([Ro, (02, 02B) = Ropuzp)” + (R, ) [R5, )7 + &R0 (€) (R0, v2B) = Rosp]”

z

O (MR dv)

/l] —_
“ov,

. _ 0 . . .
Gl [ VB (MIRI )0 + Gl (€) — Rog )

~ 1 — — —_—
HRy / M (Z02BILsT)" — 2 BIH (Ry)]” ) dv.
It follows after integration with respect to ¢ that for &, # 0

/ |é2vz

260, 0) + | Rool*(€) + 0 || PR I3, (4.23)

26)dt < C/dt(ufzgvz
1 1 1
VAL = PRy By +5 | w51 = PRy I3, ).

The moment 1%2% (&4, 0) is under control by ([A22]), and so the previous approach for the
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ve~moment when &, # 0, gives

[t ©d < [ar(iRab© + 1R+ PR: s
i 2 1 z 2 - 12
FIAT = )R I+ AT = PRy [+ 157 1B ). (420

The Ji’%y (&)-moment for £, # 0 is similarly treated, starting from

0

e (oo () = (1) Ry (60, 0)) (2 (6) = B2, 0) .

Inserting the corresponding right-hand sides and estimating the upcoming moments, gives

for £, #0
[ 1B ©Far < [ at( | B (0) F 40l PRa B+ 1| 4T - PR I,
1 1
5 A= PR I3, ). (4.25)

For the Rgvz (&2, 0)-moment, use the procedure of Lemma [£.4] with iu&, F, Ro,, (&, +) added
as an inhomogeneous term. Thus

8 g z - T z .
Ea/ dZ/ dqfozo(gm Q) = Z,Uf:c/ dZ/ dqf:cR%)x (gxa Q) + R2vz (55{:7 0)

—2m Muv,F,.f~ (&, —m)dv.

>0

The equation for f?gvz is

0 - . o . -
5§R2vz = iu€IR2'Ux'Uz (€x> 0) + Tvg (gx) + eG ,UZ%MR2 (€x> 0, U)dU.

The resulting terms are of the same type we get before, except for

/ dz / dF oo (€0rq)  and / dz / Ao F s Ron(sr q)

The former can be controlled using the observation || F, Rau, (62, -) 3= 2. Ray, (&4, €)%,
together with the estimates (4.22]), (£.24]) for the right-hand side. We conclude:

[ 1o Plea 0yt < € [ at((| Ban 1B 0 | PRe I,

1 1 1 _
+ || v2(I = P)R; [|3, t v = Pr)R; 52+ 1 f7 [I5~ ) (4.26)
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For the moment Egvy (&2, 0) we follow the corresponding procedure of Lemma [Z4l The new
terms which result from the z-derivative, f?gvxvy(fx, 0) and Rgvxvyvz (&:,0), are nonhydro-
dynamic, and so the estimate (4I8]) also holds for this moment.

The 1,-moments for £, # 0 are treated as in the 1-d case. The extra terms resulting from
the x-derivative, contain at least one nonhydrodynamic factor. The resulting inequality is
again (4.19).

The moment 1%4(51,, 0) is obtained as in the 1-d case, but here with an additional term
[ |Rao|?(&4, 0)dt to the right in the final estimate (@20). Thus

/|Rz4\2(§x70,t)dt < C/dt<|f320|2(§m70,t) +n | PRy |35+ [l v2(I = P)Ra |13,
1 1 -
5 A= PRy [+ £ 1. ). (4:27)

We now discuss the moment Rzo(gx, 0) for & # 0. For ¢|o| > 01 and oy sufficiently large,
consider the equation (A7) written in Fourier variables for the time and z-dependence.
Introduce also the cutoff function 3 as in Lemma 1l Use the term ico F,F,BRa(0, &y, 2, v)
to express the 1Y-moment. For this, project the equation along v, — cov,A, and along
cstbo + v2B with ¢z = —(v2,v2B) > 0 to remove a F;.F, 3Ry, -moment. That leads to an
expression for

) ) 0
FiF.B(—ico(Ray, — caRoy, 1) — 1p€xCr + @(Rzo +(2)),

and for

. . 0,3
ftfxﬁ( — teo(cgRoo + szgB) — 13 + 9 (§C3szz + C4))>

with (;, j = 1, ...,4 certain nonhydrodynamic moments of R,. Thus we get an expression
for

—izoes (S| FFu OBl 1 FF R ) + o (FFB (R + G e FuFu (R, +G))).

After division by ¢ and integration, the boundary term is multiplied by the small coefficient
o', This can now be estimated separately at —r and at 7 using Green’s formula (Z10).
It follows that

I (1= Xou ) FeFaoRoo( -, &, ) 1225 C(Ufl(ll FeRo(+ & ) 522 (4.28)

1
T NI = Py)FaRa(- &, ) 222)+ I (1 = P)FaRa(- &, +) 322 )

The case of eo small requires a different argument. Consider equation (4.7) and its
Fourier transform in ¢, 2 and z. We denote the total Fourier transform of a function h,
F:F.F.h by h, and by h* the Fourier transform F;F,h. With 3 defined in Lemma [4.1] put
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R_g = B/\R2 and R_gz = B/\Rf We have

cio Ry + p0,i&, By + 10,6, Ry + v.7(— =

eM™ 1G0UZ(MR2) + e[, 8R, +ﬂH1( )+ R0, B = N

6zaR2 + ,uvngng + vzazRg = (4.29)
eM™'GO, (MRy) + e 'L, 3Ry* + BH,(Ro)* + e Ra0F := N

We notice that the right-hand sides contain only terms that can be estimated by contribu-
tions either involving the nonhydrodynamic part or the hydrodynamic one multiplied by
a small factor.

For £, = 0 we have

eio Ry + jvgil, Ry + 0.7 = N(0,&,0,0). (4.30)
We take the integral [7 dz [*_dg of (£29)

/ dz/ dq EO’RQ +M€xeRz } +zsz2(a £:,0) — 2miv,r( / dz/ dgN”~.

(4.31)
Let W(|v|) be a smooth function such that

/OOO p*(W'(p))* M (p)dp < oo, /OOO PPW (p)M(p)dp = 1, /Ooo W ()M (p)dp = 0.
/O ) p"W (p)M(p)dp = 3, /O h o> W (p)M(p)dp = (4.32)

Then, multiply (4.31]) by v,v.MW (|v|) and integrate over v. The first term does not

contribute to the hydrodynamic part of Rg . The contribution to the hydrodynamic part
from the second and third terms are respectively

/_ " / dg(ths, o™ )i / QoM)W (o)), 2mi(r, By) / dov2o? M (Jo))W([o]).

Let us use the polar coordinates to compute the v-integrals

[dvzeat oo = [ de? [ dprarpwis) = o.
2 0

The vanishing of the integral is due to the second condition in (A32]). And so on the
left-hand side there are only boundary and nonhydrodynamic terms. We put the latter on
the right-hand side, denoted now by N7,

| v MW (el Fa(-m) = A%
v, <0
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The v-integral of the ingoing part of 7 times v,v2 M (|v])W (|v|) is zero because of the bound-

ary conditions. In this way we have reached a control of the boundary term ~~ Ry(—).
Now we reproduce this term by multiplying (4.30) by v,v, MWW and integrating over v, < 0,

igaﬁ%z(@ §2,0)c1 + iﬂfxézo(U, £z, 0)er + / dm;xng(|v|)W(|v|)7_§2(—ﬁ) = M,
v, <0

where N incorporates N and all the other nonhydrodynamic terms and

01:/
Sy

where S5 = {w € Sy, w, < 0}, because of the first condition in (£32]). We have used the
second condition in (£32)) to cancel the remaining hydrodynamic terms and as before the
ingoing part does not contribute. The conclusion is

dwwin/ dpp® M (p)W (p) :/ dww’w,,
0 S

2

¢1[e0 Raw, (0,62, 0) + p&aRao(0, 64, 0)] = Ny — N7 (4.33)

We will get now a second equation involving Rgvx and f?go with a similar procedure. The
two equations together will give us the wanted estimate for these terms.

Multiply (£31) by v2v, W (Jv|) and integrate over v. The first and second term do not
contribute to the hydrodynamic part of Rs. The contribution to the hydrodynamic part
of the third term is

i(0a-+ v, B [ dsto2 (w4 o) MW (o).
The v-integrals in polar coordinates vanish because of the second and fourth conditions in

(432). The boundary integral is then given as before in terms of a r.h.s., denoted by N3,
involving non-hydrodynamic terms and NZ,

z/ dvv2o? M([o )W (Jo]) Ba(—) = NG (4.34)
v, <0

The ingoing part vanishes this time because of the second condition in ([A32]). Now multiply
(E30) by v2v, MW and integrate over v, < 0,

11s Ron, (0, €4, ) + £0 Roo (0, €4, 0)cy + / V20 M (o)W (|0]) Bo(—7)dv = N,

v, <0
Co = /
Sy

because of the first and third conditions in (£32]). This time the ingoing part

where -
dww;lwz/ dpp” M (p)W (p) :3/ dwwiw,
0 s

2

i [ dv M)W (i)
v, <0

93



gives a contribute of order ¢ due to the presence of the Maxwellian M, in the boundary
conditions. We put this term and all the other non-hydrodynamic terms in the r.h.s. term
denoted by N5. By using (4.34]) we finally get

6280R2Uz (0’, fx, 0) + Cl,ufxégo((f, Sx, O) = NQ - ./\/;. (435)

Equations ([Z33) and [{35) give a system of two equations that allows to express Ry, and
Ry in terms of quantities under control provided that ¢; = ¢9. This can be easily checked
by direct computation.

As an end result, it holds for ec < oy that

- 1
| X oo+ €, 0) IB= (5 1 (1 = P) Bz (B + Il (1 = P)Ra [0 40 | Bz [z ). (436)

The same estimate also holds for the i)g-moment when &, # 0. The proof is simpler.
The boundary term is this time removed by subtracting the same equation for &, = 0
(times (—1)%) and then multiplying first by v,v, MW and then by vv, MW . This gives
two equations

gocy [é2vx]— + Clufx[ém]— = B, 5002[1532%]— + Clﬂfx[ém]— = By,
where [f]— = f(O', gma fz,’U) - (_1>§zf(0-7 gmv O,’U).

The lemma follows by collecting the previous estimates. [J

The above study of Ry leads to
Lemma 4.6. Any solution Ry to the problem ({{.7) satisfies the a priori estimates
| A= POR: 130 <= o I3,
el = Pr)g Bas +2 1 Prg oo +5 119 B )
| oo oz < (201 Ro IBa + v 2T = Pr)g I3az) + 5 || Pro 320
219 Ban ),

1 1 _ 1 _
[v2Ry |2 e < C(; | Ro 12000 + 1 v Ry 220 t2 19112 0.)

IN

1 1 1 1
(5 11 Ro 132 +55 v HI = P))g oz +5 || Pag 32

1, - _1 1, -
g 10 o + 11 Ro s+ 1759 B 45 19 s ).

Theorem 4.7. There exists a solution R to the rest term problem ({{.1]) such that

+o0o
/ / / |R(t, x, z,v)|*M (v)dtdzdzdv < ce". (4.37)
0 (-7, J[—m,7] JRS
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Proof of Theorem [£.7] Take the asymptotic expansion of fifth order in e. We shall prove
that R can be obtained as the limit of an approximating sequence, and that R satisfies
(4.37). Since R is a solution to the initial boundary value problem for the rescaled rest
term, ({37 in turn implies the L?2,-convergence to zero of R(t), when time tends to infinity.
Let the approximating sequence {R"} be defined by R® = 0, and

n+1 n+1
R +§UM‘VRN+1_GM_18(MF ) 1

LJRn-i-l +

1
Hy(R™h) + gJ(R", R™) + A,

ot o, &2 c
R 0,2, 2,v) = Ro(x, 2,v),
M- 1_
R (t,x, Fm,v) = ﬁ (R™(t, 2, Fmr,w) + gw(t,x, Fr,w))|w,|Mdw

w, S0
1.
—gw(t,ﬁ, Fr,v), x€|-mmn], t>0v,20.
Here the initial value Ry is of e-order four, A has been chosen so that [ [ [ A(-, z, z,v)Mdxdzdv =
0, (I — Py)g =¢e(I — Pj)A is of order four, and P;g = ¢P;A is of order five.

The function R! is solution to

L | MR! 1 1
%i;‘f‘—UWVRI—GM_IL B)_ LR+ —Hy(R') + A,
€ ov, € €

RY0, 2, z,v) = Ro(z, z,v),
Rt 2, 7, 0) — (M~ ML) (v) / (R\(t,z, =, w) + éﬁ(t,x, T, w))w, Mdw

w, S0
1-
—gw(t,ﬁ, Fm,v), x€|-mmn], t>0, v, =0.
Split R! into two parts R; and Ry, solutions of (4] and (&7), respectively, with g = cA.

Then using the corresponding a priori estimates, Lemma .3 and Lemma 4.6 together with
the exponential decrease of ¥, and the e-orders of Ry and A, we get for some constant c;.

| V2R [|oomo2< 13, || VIR ||la22< cre?,
By induction
| AR llooes <206t j<ntl,
| V%(RH-H — R") |laze < ce? || V%(Rn — R"Y) |la22, n >0,

for some constant cy. Namely, if this holds up to n* order, then

2 n+2 _ pn+l 1 I n+2 _ pnt+ly —li n+2 _ pn+l
8t(R R )+€v V(R R"™) -GM 8UZ(M<R R™™))

1 1 1
— gLJ(Rn+2 . Rn+1) 4 EHI(RTL+2 . Rn—l—l) 4 an+17
(R™? — R"™)(0,z, 2,v) = 0,
mm—mﬂwamszﬁ%/ (R — Rt 2, Fr, w) ws| Mdw

w, S0

x€[-mm7m], t>0,v,20.
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Here
G" = (I - )G = J(R"™! + R", R — R").
It follows that
| VA(R™2 = R™) [0 ce™d | 173G s
< cs_%< |72 B ooz + | V2 B [looyoc2 ) | V2R = R") |lz22
< e || w3 (R™ = R") |22
Consequently,

1 1 1 1
| V2R || | v2(R™? — R [|lg02 +.t || v2(R* = R") [l222 + | V2R [[222

<|

S 201‘?%7

for & small enough. Similarly || B™? ||ls002< 2¢12%. In particular {R"} is a Cauchy
sequence in L2,([0,4+00) x © x R3). The existence of a solution R to (&I follows, and
the estimate (£37]) holds. This means that there is a sequence of Lebesgue points in time,
{t;}52, with ¢; tending to infinity with j, where the [| - [[22- norm of the solution R tends
to zero. But the ||R(t, - )22 for fixed ¢ > ¢; is uniformly bounded by the norm at ¢; plus
some tail integrals from ¢; to oo, hence tends to zero when time tends to infinity. [

This completes the study of the R-term and the stability theorem follows.
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